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Preface 



The aim of this book is to give an exposition of a part of the theory of 
Jordan algebras, using linear algebraic groups. That such groups play a 
role in Jordan algebra theory is a well-established fact, pointed out, 
for example, by H. Braun and M. Koecher in their book “Jordan 
Algebren”. We have tried to exploit that fact as much as possible. In 
particular, the classification of simple Jordan algebras is derived here 
from the Cartan-Chevalley theory of semi-simple linear algebraic groups 
and their irreducible representations. 

The first part of the book (until § 1 1) is, in the main, of an elementary 
character. It contains part of the basic theory of finite dimensional 
Jordan algebras with identity. But these appear in disguise: instead of 
Jordan algebras we use the “J-structures”, introduced in §1. The notion 
of a J-structure contains an axiomatization of the notion of inverse. 
The algebraic group which is central in the theory, the so-called structure 
group (introduced by Koecher), enters already in the definition of J- 
structures. 

If the characteristic is not 2, a J-structure is essentially the same thing 
as a Jordan algebra (as is established in §6). One of the advantages of 
J-structures is that the characteristic 2 case needs no special care, at 
least in the elementary theory. This is not so in Jordan algebra theory, 
where in characteristic 2 the so-called quadratic Jordan algebras come 
in. The relations between these and J-structures are discussed in §7. 
Examples of J-structures are discussed in §2 and §5. The “quadratic 
map”, which is familiar from Jordan algebra theory, is introduced in 
§3. It plays an important role. In particular, we use it in § 10 for a group- 
theoretical version of the Peirce decomposition with respect to an 
idempotent element. 

In §11 a classification problem for semisimple groups is solved. This 
solution leads quickly to the classification of simple J-structures over 
algebraically closed fields of characteristic not 2 in §12. The more 
troublesome characteristic 2 case is dealt with in §13. In §14 we then 
discuss the explicit determination of the structure group of the various 
simple J-structures, as well as the related Lie algebras (which are in- 
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Preface 



troduced in §4). §15 deals with the classification of J-structures over 
fields which are not algebraically closed. §0 contains some preliminary 
material, for example about polynomial and rational maps of a vector 
space. 

The notes at the end of the sections contain various remarks and 
references to the literature. In the latter we have not attempted to 
achieve completeness. Nor does the bibliography at the end of the book 
claim to be comprehensive (more complete references are given in the 
books of Braun-Koecher and Jacobson, quoted in the bibliography). 

References to the bibliography are given in square brackets. Formulas 
are numbered consecutively in the sections, §x, (y) means formula (y) 
of §;\:. 

I am grateful to F. D. Veldkamp for a number of critical remarks 
and to Miss J. van der Mars for the preparation of the manuscript. 



Utrecht, December 1972 



T. A. Springer 
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§0. Preliminaries 



0.1 Algebraic geometry, algebraic groups. We shall make use of language 
and results of algebraic geometry and the theory of linear algebraic 
groups. In the first ten sections what we need is mainly elementary. In 
fact, the less elementary parts (e.g. the end of §2 from 2.21 on, and 4.10) 
are there as examples or are only needed in the later sections. From §11 
on we have to use, however, the theory of semisimple groups and their 
root systems. The reader is then assumed to be familiar with these matters. 

As a standard reference for the theory of linear algebraic groups 
we have used Borel’s book [1]. This also contains a good resume of 
algebraic geometry. [1] does not discuss the details of the theory of 
semisimple groups. Appropriate references will be given in the later 
sections. 

We shall now discuss a number of elementary notions and facts, 
which will be needed. 

0.2 Fields, vector spaces. In the sequel, K will always denote an alge- 
braically closed field, its characteristic char(X) is usually denoted by p. 
If fc is a subfield of K then (resp. k) denotes a separable (resp. algebraic) 
closure of k in K, K* denotes the multiplicative group of K, 

Let F be a (non necessarily finite dimensional) vector space over K. 
We denote by GL{V) the group of all nonsingular linear transformations 
of V, this is a linear algebraic group, see [1, p. 93-94]. We denote by 
End(F) the X-algebra of all X-linear endomorphisms of V. End(F), 
equipped with its natural Lie algebra structure, is written gI(F). This Lie 
algebra is identified with the Lie algebra of GL{V), see [1, 3.6, p. 130]. 
GIL„ denotes the general linear group (see [loc. cit., p.91]). If V is 
an n-dimensional vector space then GL{V) is isomorphic to GIL„. 
SL{V)ciGL{V) is the special linear group, consisting of all linear trans- 
formations of V with determinant 1. SIL„ is the corresponding subgroup 
of GL„. 

k denoting a subfield of K, a k-structure on F is a k-module I^c: F 
such that the homomorphism X (g) 1^ 1^ induced by the inclusion, is an 

isomorphism. See [1, 11.1, p. 40] for further details. Occasionally, we 
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shall use fe-structures on algebraic varieties. For this notion see [1, 
p. 44-47]. 

0.3 Polynomial functions and maps. Let F be a finite dimensional vector 
space over K. We denote by A^[F] the symmetric algebra on the dual 
V* of V. Recall that K[F] can be defined as the quotient of the tensor 
algebra T(V*) on V* by the twosided ideal generated by the elements 
— K[y~] is commutative. 

Let a basis of F, let be the dual basis of F*. 

This means that x^{eJ)=S^j (Kronecker delta). The are identified with 
their canonical images in K[F], we then have K[F] = K[Xj, ...,xj. 
The n elements x^ are algebraically independent over K, hence 
defines an isomorphism of X[F] onto the polynomial algebra 
..., XJ in n indeterminates Let 

/= E 

il in^O 

be an element of X [F]. We identify / with the function on F defined as 

n 

follows: if X = ^ g.e K then 

i = l 

(1) f{x)= z 

il . .... in^O 

Since /(x)=0 for all xe F if and only if /=0, we may and shall identify 
K[F] with an algebra of functions on F (viz. the functions given by an 
expression (1)). We call the elements of X[F] polynomial functions on F 
/eK[F] is homogeneous of degree n if /(ax)=a”/(x) for aeK, xeV. 
Such / form a subspace X[F]” of X[F] and 

X[F]=©X[F]" 

n^O 

is a grading of K [F]. 

If F has a /c-structure (in the sense of 0.2) then /eX [F] is said to be 
defined over k if the following holds: taking (^,) to be a basis of F^ciF 
over k, then the coefficients in (1) lie in k (this is independent of the 
choice of the basis of VjJ. Let X[F]^ be the set of /eX[F] which are 
defined over k, then K \_V\ defines a k-structure on K [F]. 

Let VF be a second finite dimensional vector space. A map (j) : F— > W 
is called a polynomial map if, with respect to some basis of W, the coordi- 
nates of (t> (x) are polynomial functions of x e F The polynomial maps form 
a vector space K^V, IF], which is a free X[F]-module, isomorphic to 
X[F]®^PF We have X[F,X]=X[F]. X[K IF] is graded in the ob- 
vious manner. If F and IF have k-structures, then there is an obvious 
way of defining a k-structure K [K IF]^ on K [I^ IF]. 
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0.4 The Zariski topology. Let V be again a finite dimensional vector 
space over K. The Zariski topology on V is the topology whose closed 
sets are the algebraic subsets of F, i. e. the sets SaV such that there exist 
a set /i, ... ,/d of polynomial functions on V, with 

S={xgF|/(x)=...=/,(x) = 0}. 

Topological notions will always be relative to the Zariski topology. 
Recall that nonempty open subsets of V are dense. Moreover any two 
such subsets have a nonempty intersection. 

0.5 Rational functions and maps. V being as before, let K{V)he the quo- 
tient field of K [F]. We call the elements of K{V) rational functions on F 
Let feK{V). There exist g, / igK[F] such that /i4=0 and that 

( 2 ) f=gh-K 

X[F] being isomorphic to a polynomial algebra we 

have unique factorization in X[F]. It follows that there exists an ex- 
pression (2) such that g and h have no common factor of strictly positive 
degree. We call this a reduced expression of/ g is then called a numerator 
of / and h a denominator. They are unique up to a nonzero scalar factor. 
A denominator of / is a polynomial function h of minimal degree such 
that (2) holds. 

Let 1/ be a nonempty open subset of V, let X [I/] be the ring of func- 
tions f on U such that there exist g,/iGX[F] with h{x) + 0 for all xeU 

f(x)=g{x)h(x)-^ (xeU). 

The K [L/] form an inductive system (via inclusion of U) and we can then 
identify K{V) with the inductive lim ind K [L/], see [1, § 8, p. 35]. Hence 
we view rational functions on F as veritable functions defined in open 
subsets of F We say that feK{V) is defined in x or regular in x if there is 
an expression (2) with h{x) + 0. We then put f{x) = g{x)h(x)~^. 

Let IF be a second finite dimensional vector space. We put 

X(F,IF) = K(F)0^t^jiC[F,tF], 

we call the elements of K{V,W) rational maps of F into W. K(V, W) is a, 
finite dimensional vector space over K{V), isomorphic to K{V)iS>frW. 
If (j)eK{V,W) then there exists a polynomial map i/^gK[F, IF] and 
heKfv] such that 

(l) = h~^ {j/. 

An h of minimal degree is called a denominator of (j>, it is unique up 
to a nonzero scalar factor. \j/ is called a numerator of 4>. (j) is said to be 
defined in x or regular in x if h{x) + 0. We then write </)(x) = /i(x)”^ i/^(x). 
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If Z is a third vector space, there is a composition map (</>, i/^) i-> 0 o (/r 
of K{W,Z)xK{V,W) to K{V,Z), defined in an obvious manner. In 
particular, one can compose rational maps of V into K (l)eK(V,V) is 
said to be birational if there exists \l/eK{V,V) such that i/^o(^ = 0o^ = id. 
The birational maps of V form a group. 

If V has a fe-structure then feK{V) is said to be defined over k if there 
is an expression (2), with g and h defined over k (caution: the feK{V) 
which are defined over k do not provide a /c-structure on the vector space 
K{V)). A similar definition can be given for feK{V, W), 

We next discuss some special results about rational functions and maps. 

0.6 A lemma on polynomial functions. Let L be a finite dimensional 
vector space. Fix ae K If /gX [K] we define for each xeV a, polynomial 
function L on K by 

m=f(ta + x). 

Let /i, ...,/s be s homogeneous polynomial functions on V, let g be a 
greatest common divisor of these polynomials. Since a divisor of a 
homogeneous polynomial function is again homogeneous, it follows 
that g is homogeneous. 

0.7 Lemma. There exists a nonempty open subset U of V such that for 
xeU we have that is a greatest common divisor of the polynomial func- 
tions (/,),. 

An induction shows that it suffices to consider the case s = 2. We then 
may also assume g= 1. Let be a g.c.d. of and (/j)^. Using Euclid’s 
algorithm one sees that there exists a rational function h on KxV 
whose denominator is a polynomial function on V and a nonempty 
open subset l/j cz F such that we may take 

h^{t) = h{t, x), 

if X6 l/j. Then there exists g^eK{K, V) (i= 1, 2) such that 
f{ta + x) = h{t, x) g/t, x), 

if teK,xeU^. Using Gauss’ lemma it follows, replacing by a suitable 
open subset, that we may assume that h and g^ are polynomial functions. 
Putting t = 0 we conclude that h{0,x) must be a nonzero constant. 
Since h is homogeneous, it follows that h is constant. This implies that 
g^ is constant for xeU, which proves 0.7. 

Now let W be another finite dimensional vector space, let be a 
rational map of V into W. Let g be a denominator of (j). Fix aeV. There 
is a nonempty open subset 1/ of V such that for xg 1/ we have that 

= + 
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defines a rational map of K into W, The next lemma is an immediate 
consequence of 0.7. 

0.8 Lemma. There is a nonempty open subset U of V such that for xeU 
we have that (j)^ is a rational map of K into W with denominator . 

0.9 Differentiation of rational maps. Let K[fVJ\ be the ring of formal 
power series over K, let K ((X)) be its quotient field. Since K [X] c: K [[X]] 
there is a canonical injection a of K{X) into K{{X)). 

If PT is a vector space, let W[fXJ] = W®j^K[_\_XJ], ^((X)) = 
W®g^K({X)). We write the elements of W[fXJ] as formal power series 
with coefficients in W and those of W{{X)) as formal Laurent series, with 
finitely many negative powers of X, and with coefficients in W. 

Now let V and W be two finite dimensional vector spaces, let 
(f)eK(V,W) be a rational map of V into W. There is an open subset 
L =f=0 of F such that for x, yell we have that 

th->0(xH-ty) 

defines a rational map y of K into W. Since the field of rational func- 
tions on K is isomorphic to K(X) (the isomorphism sending the identity 
map onto X), it follows that there is an isomorphism 3 of K (X, W) 
into W{{X)). We write 

and we then have a formal series 

<^(x + yX)= Y. idi(t>)xiy)X\ 

i> —s 

If 0 is a polynomial map of degree n, then 

(/)(x + ty)= Y(d‘(l))^(y)t\ 

i= 0 

if x,yeV, teK, 

Moreover we have now (d^ (l>)x{y) = (l>ix) and y^{d' (l))^{y) is for fixed 
X a polynomial map which is homogeneous of degree i. 

xh^{d' (j>)^{y) is for fixed y a polynomial map of degree Sn — i. 

Now let (j) be an arbitrary rational map and assume that </> is defined in x. 
Let g (resp. h) denote a numerator (resp. a denominator) of (j). We then 
have the identity of formal series 

/i(x + yX)0(x + yX)=g(x-hyX), 
from which one finds that 

(3) Z {d“hUy)-id^(l>Uy) = (d^gUy). 

a + b=i 
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Since h(x)=t=0, it follows that (d'<^)^(y)=0 if i<0, moreover ((f(l>)x(y) = 
(j) (x). (3) now readily implies that y (d* 4>)x{y) is a polynomial map which 
is homogeneous of degree i. 

We write {d(t))^{y) = {(f (l>)x{y) and we call this the derivative of (j> in x, 
in the direction y. (dcf))^ is a linear map V-^W, the differential of (j) in x. 
X {d(l>)x is a rational map of V into the space of endomorphisms of K 
The (d'(t))^{y) (resp. the rational maps x i-> (d* </>)^) with i^2 are called 
the higher differentials of (f in x, in the direction y (resp. the higher 
differentials of 0). 

The proof of the next two lemma’s is left to the reader. 

0.10 Lemma. Let f be a rational function on K (f be a rational map of 
V into W. Assume that f and <f) are defined in x. Then f (f> is defined in x and 

d(fct>Uy)=m • id(l>)x{yH{df)x{y) • ^ W- 



It follows from 0.10 that, if ye V is fixed, the endomorphism Dy of K[K] 
is a derivation of X [K]. 



0.11 Lemma ( chain rule). Let V,W,Z be three finite dimensional vector 
spaces. Let (j) and \j/ be rational maps ofW into Z and ofV into W, respect- 
ively. Suppose that if is defined in xeV and that (f is defined in \l/(x)eW. 
Then the composite (foif is defined in x and 

0.12 Lemma. Let f be a rational function on V such that {d f)x=0 whenever 
(j) is defined in x. Then there exists a rational function f on V such that /=//, 
where p = char(X). In particular, f is a constant polynomial map if p = 0. 



Let g (resp. h) denote a numerator (resp. a denominator) of f. Since we 
have the usual formula for the derivative of quotients 

{d(h-^ g)Uy)-Hx)-\dgUy)-h{x)-HdhUy)-g{x), 
as follows from 0.10, the assumption implies that 
h(x){dgUy) = (dhUy)^g(x), 

whenever h{x) + 0, hence for all x,yeV. This implies that the polynomial 
function x\-^{dh)^(y), whose degree is less then that of h, must be divi- 
sible by h. Consequently {dh)^{y)=0. It is well-known that then /i is a 
p-th power (for a related result see [5, Prop. 4, p. 73]). Similarly g is a 
p-th power, whence the assertion. 

0.13 Lemma. Let f be a polynomial function on V with the following 
property: there is a nonempty open set U aV such that for all xeU and 
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all yeV the polynomial function 

th^f(tx-{-y) 

is a power of a linear function of t. Then f is a power of a polynomial function 
of degree 1. 

We may assume / to be irreducible. Fix xeU, ye V, Let 

f(tx-\-y) = (at + bT, 

where aeK*, beK. Then 

a^=f{x\ na^-^b = {dfUy). 

If n were divisible by the characteristic p of K, we had (df)^{y)~0 for all 
x,yeV. Then / would have to be a p-th power. This a contradiction. 
Hence we have 

a-^b = n-^f(x)-^{dfUy), 

It follows that 

f{tx + y)=f(x){t + n-^f(x)-^(df)^{y)Y. 

Putting t = 0 we obtain the assertion, since {df)^{y) depends linearly on y. 

A rational map cf) : V\-^W is said to be homogeneous of degree h if 
<l){ax) = a^(l){xX if aeK*, xeV. 

0.14 Lemma (Euler's differential equation). If (j> is a rational map of V 
into W which is homogeneous of degree h then 

(d(l>)^{x)=h<f)ix), 

if (j) is defined in x. 

We have 0((t+ l)x) = (t-f 1)'' 0(x) if t=|=— 1 and if (f) is defined in x. 
Hence, X denoting an indeterminate, 

0(x+xx)=(x+iy‘0(x), 

which implies the assertion. 

0.15 Degeneracy of polynomial functions. /eX[F] is said to be a de- 
generate polynomial function if there exists tz + 0 in V such that 

(4) f(x + a)=f(x) (xeK). 

Otherwise / is said to be nondegenerate. Degeneracy of / means that there 
exists a + 0 such that we have for all 1 

{d^fUa) = 0 (xeV). 

In particular, we then have {df)^(a) = 0 for all xe K Conversely, if this is 
so and if char(K) = 0, it is easily seen that (4) holds. 
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0.16 Quadratic forms. A polynomial function Q on V which is homo- 
geneous of degree 2 is called a quadratic form. Then 

Q{x, y)=Qix+y)-Qix)-Q{y) 

defines a symmetric bilinear form Q ( , ) on VxV, called the associated 
bilinear form. We have 

Q(x) = 2Q{x, x). 

If char (K) =1=2, then Q is degenerate if and only if the associated 
bilinear form is degenerate, i.e. if there exists a=|=0 such that QXx,a) = 0 
for all xgK 

If char(K) = 2 then Q is said to be defective (resp. nondefective) if the 
associated bilinear form is degenerate (resp. nondegenerate). Since we 
now have ^) = 0, the associated bilinear form is alternating. One 
then knows that dim V is even if the associated bilinear form is non- 
degenerate. If char(X) = 2 and if Q is nondegenerate and defective, then 
one shows that the subspace of aeV such that 

Q(x + a) = Q{x) (xeV) 

has dimension 1 (using that we work over an algebraically closed field). 
It follows that then dim V is odd. For these elementary facts about 
quadratic forms in characteristic 2 see [12, p. 33]. 

0. 17 Algebras. By an algebra A we understand a finite dimensional 
vector space over X, together with distributive bilinear multiplication 
{a,b)\-^ab, which is not necessarily associative. We always assume the 
existence of an identity element. 

Let kczKbea. subfield, let be a k-structure on the algebra A. Then 
Aj^ X Afc is a k-structure on Ax A. We say that the algebra A is defined 
over k is the polynomial map (/>: Ax A-^ A with (j>{a,b) = ab is defined 
over k in the sense of 0.3 and if the identity element of A is rational over k, 

1. e. lies in 

Let M„(X) be the associative algebra of nxn matrices over K. 
A central simple associative algebra over kczK is an algebra defined 
over k, which is X-isomorphic to M„(X). n is then called the degree of A. 

It is clear how to define the notion of a twosided ideal in an algebra A. 
A is called simple, if {0} and A are the only twosided ideals. We shall not 
use a notion of k-simplicity for algebras A defined over a field kczK, i.e. 
for us simplicity will always mean what is called “absolute” simplicity. 

Notes 

The material about polynomial and rational maps and their differentiation is also discussed 
in [8, p. 60-64] and [14, p. 214-220]. The treatment given here, using formal power series, 
is somewhat different from that given in these references. 




§ 1. J-structures 



Let L be a finite dimensional vector space, let j be a rational map V. 
Denote by n and N a numerator and a denominator of j, respectively, 
n is a polynomial map of V into V and N a polynomial function on V 
(see 0.5). Let H be the subset of GL{V)x GL{V) consisting of the pairs 
(g, h) such that 

(1) goj=joh. 

1.1 Lemma. H is a closed subgroup of GL{V) x GL{V). 

Clearly H is a subgroup of GL{V) x GL{V). Let (g, h)eH, n and N being 
as above, we have 

(2) N{hx) g{nx) = N (x) n{hx), 

for all XG K Let be a basis of V. Put 

m 

i=l 

m 

hei=Y,Uijej, 

i = l 

and write 

m 

X= 

i = l 

Then (2) is equivalent to a finite family of polynomial relations between 
the x^, tij, which have to hold for all x-. It follows that {g,h)eH if 
and only if and u^^ satisfy a finite set of polynomial relations. This 
proves that if is a closed subgroup of GL{V) x GL{V). 

1.2. Let n: GL{V)x GL{V)^ GL(V) be projection on the first factor. 
j and if being as above, the projection tt if is a closed subgroup of GL{V), 
which is called the structure group of j and which will be denoted by 
G{j). G{j) consists of the geGL{V) for which there exists heGL{V) such 
that (1) holds. If j is defined over fc, then 1.1 implies that G(J) is fc-closed 
in the sense of [1, p. 42]. 
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Suppose now that j is a birational map K->K If geG{j\ there exists 
heGL{V) such that (1) holds and the birationality of j shows that h is 
unique. It follows from (1) that now 

hence heG{j~^). Put /i = a(g). Clearly a is a group homomorphism of 
GO) to G{j~^). In fact, a is a morphism of algebraic groups. For a(g) = 
7 “^ogoy implies that a is a rational map G(J)—^G{j~^\ hence a morphism 
of algebraic groups, as follows from [1, 1.3(a), p. 87]. Interchanging 
the roles of j and j~^, we get a morphism p: G{j~^)-^G{j), with P(h)= 
johoj~^. a and P are clearly inverses of each other, hence a is an iso- 
morphism. 

In particular, if j is involutorial, i.e. jo 7 = id, then G{j) = G(j~^) and a 
is an automorphism of the algebraic group GO)- 

1.3 Definition of J-structures. A ^-structure is a triple 6^ = {VJ,eX 
where F is a finite dimensional vector space, j a birational map of V 
and e a nonzero element of V, satisfying axioms to be stated presently. 
In these we need the structure group G{j) of the birational map j which 
will be denoted by Gy or G. We call the linear algebraic group Gy the 
structure group of the J-structure. 

The axioms are as follows: 

(Jl) (i) j is a homogeneous birational map of V of degree —1 and 
(ii) j is regular in e and j e = e. 

(J2) If xeV is such that j is regular in x, e-\-x and e+jx, then 
(3) j{e-\-x)-\-j(e+jx) = e. 

(J3) The orbit Ge of e under the structure group G is Zariski-open in V. 

It would amount to the same thing to require this orbit to be Zariski- 
dense, see [3, Proposition, p. 98]. 

We say that is a I -structure over a subfield k of K or that is 
defined over k if there exists a /c-structure on the vector space V such 
that j is defined over k and that ee V{k), In that case G is k-closed. 

Let ^ = (VJ,e) and 6^' = (V'J\ e') be two J-structures. A morphism 
of 6^ to is a linear map /: F->F' such that (i) f^j=f^f (h) f{e) = e'. 
f is an isomorphism of J-structures if it is a bijective linear map. Auto- 
morphisms are defined in the obvious way. is a J-substructure of 6^ 
if F' is a subspace of F, if e' = e and if the injection F'-> F is a morphism 
of J-structures. Then / is the restriction of j to F'. 

If ^ and are J-structures over k, then a morphism /: ^-^9" is 
said to be a k-morphism or to be defined over k if the linear transformation 
/ is defined over k. 
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By 1.2 there is an automorphism a: g^-^g' of the linear algebraic 
group G, such that 

We call a the standard automorphism of G. We have = id. 

For teK*, let 

s^(x) = tx (xeV) 

be scalar multiplication by t. From the homogeneity of j ((Jl)(i)) it 
follows that s,eG, and that 

(s,y= 5 ,- 1 . 

A subspace / of F is called an ideal of ^ if for each i e I the rational map 
x\-^j{x-i-i)-j(x), 

which is defined on a suitable nonempty open subset of F, is a rational 
map of F into /. is called simple if {0} and F are the only ideals of ^ 
We shall discuss ideals in §9. 

1.4 The norm. Let ^ = (K), be a J-structure. Denote again by n and N a 
numerator and denominator of j. n is a homogeneous morphism F-^ F 
and N a homogeneous polynomial function K. j is regular in xeF 
if and only if N{x) + 0. If this is so, we say that x is invertible in y’ or in F 

Let d be the degree of N, then the degree of n is rf— 1 (since j is homo- 
geneous of degree —1). We call d the degree of 5^ By (J2)(ii), we have 
N(e)^0, Hence we may and shall normalize n and N by requiring 
iV(c) = l. Then n and N are uniquely determined. We call iV, thus nor- 
malized, the norm of 6^. If necessary, we shall write (and n^), 

1.5 Proposition. There exists a character a: G-^K* of the algebraic 
group G such that for geG we have 

(4) N{gx) = a{g)N(x) (xeF). 

Let geG, let g' = a(g). By (1) we have 

(5) N(x)-^ g'(nx) = N(gx)~^ n(gx). 

Nog is a polynomial function of degree d, which is a denominator of the 
rational function of x, given by the right-hand side of (5). Then by (5) 
N is also a denominator of that rational function, whence a relation of 
the form (4), with a nonzero constant a(g). Putting x = e, we obtain 
a(g) = N(g e), from which it follows that gi-^u(g) is a morphism G->K*. 
That a is a homomorphism is clear. 

1.6 Corollary. If xeV is invertible and if geG, then gx is invertible. 

This follows from (5), since j is regular at x if and only if A(x)=|=0. 
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We now shall establish a number of fundamental properties of iV, 
which are consequence of the axioms (J 2) and (J 3). 

1.7 Proposition. If xeV is invertible, then 

(6) N{x) N{e+jx) = N{e-{-x). 

By (J 2) we have on a nonempty open subset of V, 

N{e-\-x)~^ n{e-\-x) + N{e+j xy'^ n(e-\-j x) = e. 

Replacing x by t~^ x (teK*) this gives, using homogeneity of j, that 

(7) tN{te-\-x)~^ n{t e x) N {e tj x)~^ n{e-\-tj x) = e. 

This should be viewed as an identity of rational functions on KxV, 
Now by 0.8, there is an open subset U^0 of V such that for xeU the 
rational function on K defined by 

t\-^N{te + x)~^ n{te + x) 

has a denominator of the same degree d as N. If N(x)=N0, the same is 
true for the denominator of the rational function 

t\-^tN{te + x)~^ n{te-\-x). 

But from (7) it follows that this last rational function can also be written 
as a quotient of two polynomial functions, with a denominator which 
divides the polynomial function t\-^ N{e-\-tj x). Since this function has 
degree d if N{jx)^0, we conclude that there is a constant ceK*, inde- 
pendent of t, such that 



N {t e -\- x) = c N {e tj x) , 
for X in a nonempty open subset of V. 

In this polynomial identity in t put t — 0. We conclude that c = N{x). 
Putting t = l we obtain (6), for x in a suitable nonempty open subset 
of V. By continuity (6) then holds whenever j is regular in x. 

1.8 Corollary. If x is invertible we have N{j x) = N{x)~^ . 

Replacing x by tx in (6) (teK*) and using homogeneity of j and N we 
obtain the equality of polynomial functions in t 

N{x) N(t e+jx) = N{e 4- 1 x) , 

is X is invertible. Taking t = 0 the assertion follows. 

1.9 Corollary. Let oc: g\-^g' be the standard automorphism of G, let a be 
the character of G defined in 1.5. Then u{g') = a{g)~^ . 
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By 1.5 and 1.8 we have 

a(g') N(x)= Nig’ ■ x) = N{j{g' ■ x))-^ = N{g(J x))-^ =a{g)-^ N{jx)-' 

= a{gr^N{x), 

whence the assertion. 

1.10 Theorem. If x,yeV are invertible, then 

(8) N{x) N{j X +7 y) N{y) = N{x 4- y) . 

Let geG, let g' be as in 1.9. By 1.5, 1.7 and 1.9 we have 

N(g e) N{g'-e +j(g y)) N{g y) = a (g) N{e +j y) N(y) = a (g) N(e + y) 

= N{ge+gy), 

if y is invertible. This establishes (8) with x = ge instead of y. By axiom 
(J3) and by 1.6, it then follows that (8) holds for x in a nonempty open 
subset of V and all invertible y. This implies (8), by continuity. 

1.11. Let xeV he invertible, let yeV. Put 

(9) 4>{x,y) = N{x)NUx-yy). 

^ is a rational function on VxV whose denominator is independent 
of the second variable y. For fixed x we have that yi-> ^(x,y) is a poly- 
nomial function on V of degree d. 

By 1.8 and 1.10, with j y instead of y, we see that 

^(x,y) = ^(y,x), 

if X and y are invertible. However it then follows that the denominator 
of does not depend on the first variable x either, consequently ^ is a 
polynomial function on VxV, symmetric in its two variables, and of 
degree d (= degree N). 

We put ^ 

^{x,y)= 

i=0 

where is a symmetric polynomial function on F x which is homo- 
geneous of degree i in either of its variables. Taking y = 0 and using 1.8 
we find that = 

Let geG. By 1.5 and 1.9 we have 

<>igx,g’y)=^ix,y), 

whence 

^iigx,g' y) = ^iix,y). 
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We put <P^ = a (or if necessary). Then d is a symmetric bilinear 
form on VxV, and we have for geG 

(10) <^(g^,g'y) = <x(x,y). 

We call G the standard symmetric bilinear form of The linear function 
T on F with 

T(x) = d(x, e) 

is called the trace of .9^ We have 

(11) G{x,y) = N(x){dN)j,{y), 

if X is invertible, for all y. This follows from (9) (recall the definition of 
(dN)j^, see 0.9). 

We next make a digression, which is suggested by the properties of N 
which we just discussed. We denote by G° the identity component of G, 
i.e. the connected component of the neutral element of G. 

1.12 Proposition. Let F be an irreducible factor of the polynomial func- 
tion N. Then F is a homogeneous polynomial function. There exists a 
character c: G°— of the algebraic group G° such that 

(12) F(gx)=c(g)f(x) (geG°, xeF). 

If F(e) — 1 we have 

(13) F(x)FUx+jy)F(y)=F{x + y), 

(14) F(jx)=F{x)-\ 
for all invertible x, ye V. 

h 

Let iV = ]^ be a decomposition of AT as a product of irreducible poly- 

i — l 

nomial functions. F equals one of the up to a scalar factor. It follows 
from the uniqueness of the decomposition that the elements of G° 
permute the F^ up to a nonzero scalar. G° being connected, the resulting 
homomorphism of G° into the group of permutations of the F^ must be 
trivial. This implies (12). It also follows that F. is homogeneous. 

X and y being invertible, let G^(x, y)=f)( 7 (/x+jy)) (l^i^/i). G^ is a 
rational function on F x K From the definition of N and the homogeneity 
of j and Fi we conclude that a numerator of G^ must divide a power of the 
polynomial function (x, y)h^iV(x)iV( 3 ;) on F x F It follows that there 
exist homogeneous polynomial functions Qi and F. on F, and a homo- 
geneous function on F x K such that 

(15) Ffj(j X +j y)) = Qi(x) Rfy) Sfx, y)"* 
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is a reduced expression (in the sense of 0.5). We may assume that i\(e) = 
Q,{e) = Ue) = L 

Replace x by t ^ x {teK*) in (15). The resulting rational function of t 
is regular for and has there the value /^(y), as one sees by looking at 
the left-hand side of (15). Working with the right-hand side one concludes 
that we must have Similarly Fi = Q,^. It then follows from (8) that 

YlSiix,y) = N{x + y). 

i = l 

But then there exists a homogeneous polynomial function 7] on V 
such that 5f(x, y)= 7](x H-y). The same argument as before, viz. replacing x 
by X and putting t = 0, then shows that F^ = T^, This implies that 

Fiiiij X +i y))Fi(x + y) =i=;(x) F,(y). 

In this formula take y = e. Using axiom (J2) we obtain 

Fi{e-j{e+x))Fi(e+x)=Fi(x), 

which implies that 

Fi (^) Fi {e +j x) =Fi(e+x), 

for all invertible x. (14) with F = is now proved as the similar statement 
of 1.8. (13) then also follows. 

We say that a homogeneous polynomial function F on F is a semi- 
invariant of if there exists a character c of G° such that (12) holds. 
We next establish a useful property of semi-invariants. For this we need 
the following simple lemma. 

1.13 Lemma. The orbit G° • e is Zariski open in V. 

r 

G° is a normal subgroup of G of finite index. Let G= (J g^G®. Since Ge 

i = l 

is open in V by axiom (J 3), it is dense in V. Hence one of the sets G° • e 
must be dense in F, and then G° • e is dense in F This is equivalent to 
G° • e being open, by [1, Proposition, p. 98]. 

1.14 Proposition. Let p = char(K). Let F be a semi-invariant of S which 
is not a p-th power of a polynomial function. Then (dF)^ + 0. 

Let F be a semi-invariant such that {dF)^ = 0. It follows from (12) that 

(dF\,{gx)^c{g){dFUx) = 0 (geG% 

It follows that (dF)^=0 for all x€G° e. 1.13 then implies that {dF)^=0 
for all X, which means that F is a p-th power of a polynomial function, 
see 0.12. This proves 1.14. 
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1.15 The differential of j. Suppose xeV is invertible. The differential 

(dj)^ of j at X is a linear transformation on V. Since j = ^ whence joj = id, 

the chain rule for differentials (see 0.11) shows that 

hence (dj)^ is invertible. We put 

(16) P{x)=-(dj)~K 

P is a rational map of Finto GL{V) (if necessary we write Ps^ instead 
of P). P is regular in x if x is invertible and then 

PUx) = P{x)-\ 

In the next proposition we collect some properties of P, which are 
fairly direct consequences of the axioms, g i-> g' is the standard auto- 
morphism of G. 

1.16 Proposition. Assume that x is invertible. 

(i) If g^G then P is regular in g x and P(g x) = g o P(x) o (g') “ ^ ; 

(ii) If teK* then P is regular in tx and P(tx) = t^ P{x); 

(hi) P{x)jx = x; 

(iv) P{e) = id; 

(v) P(x) is contained in the identity component G° of the structure group G 
andP(xy=P(x)-^; 

(vi) If y is invertible then P{P{y) x)=P{y) P{x) P{y). 

We have g'^j=j^g- By the chain rule for differentials 0.11, this implies 
that 

g'°{dj)^ = (.dj)g,,°g, 

whence 

g-^oP(gx) = P(x)o(g')-^ 

which proves (i). (ii) is the particular case of (i) where g is scalar multi 
plication s^ (teK*). (hi) follows from {dj)^{x)= —jx, which is a conse- 
quence of the homogeneity of j (see 0.14). 

To prove (iv) we use axiom (J2) with tx instead of x (xeK*\ which 
gives the identity of rational functions on X x F 

j(e-ytx)-\-tj{te-\-j x) = e. 

Let X be an indeterminate over X. For x in a suitable nonempty 
open subset of F we then have the identity of formal power series (see 0.9) 

(17) j(e + x X) -\-j{e X+jx)X = e. 

The series for j{e-\-xX) starts off with 

e + {djUx)X, 
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and that for j{eX+jx)X starts off with xX. Comparing coefficients 
in (17) we conclude that 



which is (iv). 

By (i) and (iv) we have 



{dj)eix)= -X, 



P{ge)=g(g’) ^eG, 



SO that P{x)eG if x is in the open subset Ge of V. Hence P is a rational 
map of V into G and then P{x)e G whenever P is regular in x, in particular 
if X is invertible. Now the set of the x where P is regular is an open subset U 
of V, which is irreducible hence connected. Consequently P{U) is a con- 
nected subset of G, which contains the neutral element of G (by (iv)). 
Hence F(L/)czG°. 

To prove the last point of (v), observe that 

Pige)' = (g(gT^)'=g'g~^=P{ge)-\ 

SO that P(x)' =P{x)~^ on a nonempty open subset of V, hence whenever P 
is regular in x. Finally, (vi) is a consequence of (i) and (v). 

In §3 we shall return to the properties of P and establish that P can 
be extended to a quadratic map of V into the space End(K) of endo- 
morphisms of V. 



1.17. We next give some consequences of 1.16. First we recall the defini- 
tion of the higher differentials of N in e. These are given by 

N(e + x)=j:{d‘NUx), 

i=0 

where (d* N\ is a polynomial function on V of degree i (see 0.9). {d^ N)^ is a 
quadratic form on V. We put 

(d^ NXix, y) = {d^ NUx + y)-{d^ N),(x)-(d^ NUy). 

Then (x, y)\->{d^ y) is a symmetric bilinear form on K x K Recall 
that we write {dN)^ = {d} N)^. We can now state the next result. 

1.18 Proposition. Let a be the standard symmetric bilinear form of Then 

a(x, y) = {dNUx){dNUy)-(d^ N^x, y). 

We have by 1.11, if x is invertible, 

(18) N{x)N(J x-¥y) = l + (j{x, y) + terms of degree^2 in x and y. 

In (18) we replace x by e + tx (teK), x being fixed, we then obtain a 
polynomial function 

{t, y)\-^N{e + tx)N{j{e-\-tx) + y) 
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onKxV. We shall prove 1.18 by determining the terms in both sides of (18) 
which are bilinear in (t, y). In the right-hand side this is clearly t a (x, y). 

To deal with the left-hand side, we introduce an indeterminate 
X over K. Consider the formal power series; (^-hxX) (see 0.9). By 1.16(iv) 
we have 

j(e-\-xX) = e — xX + terms involving higher powers in X . 

Then 

N{e-^xX)N{j{e + xX) + y) = {l-h{dNl{x)X-\-^--)N(y-{-e-xX+--) 

= (1 + (dNUx) X + • • •)(! + (dNl {y-xX)+ {d^ N^y -xX)+-) 

= (1 + mUx) X + • • -)(1 + (dNUy) - (dNUx) X - {d^ NUx,y) X + • • •) 

= 1 + idNl (y) + ((dNl (x) (dNl M - id^ Nl (x, y) X + • • •) . 

Now by 1.1 1 this is a polynomial in X (x and y being fixed). Inserting t 
for X we see that the bilinear term in the left-hand side of (18) is 

t((dNl(x)dN,{y)-{d^NUx,y)), 

which establishes 1.18, in view of what we said before. 

1.19 The inner structure group. By 1.16 (v) we have P(x)gG° if x is inver- 
tible. Let G^gG® be the subgroup of G° generated by all such P(x). We 
call Gj the inner structure group of 

1.20 Proposition. G^ is a closed, connected, normal subgroup of the struc- 
ture group G. 

Let G cz L be the open subvariety consisting of all invertible elements. 
U is irreducible. By 1.16(v), P defines a morphism U — > G°. It then follows 
from a well-known result (see [1, 2.2, p. 106]) that the subgroup G^ 
generated by P(G) is closed and connected. That G^ is normal in G 
follows from the formula 

gP(x)g-^ = P(gx)P(g' e) (g 6 G, X invertible) 

which is a consequence of 1.16(i) and 1.16(iv). 

1.21 Proposition. Let ^ = {V,j,e) and = {V',f,e') be two J-structures, 

let f : be a morphism. There is a nonempty open set U in V con- 

sisting of invertible elements such that the elements of f(U) are invertible 
and that 

Let U' be the open subset of V' where / is regular. /~^(G') is open in V, 
let G be the set of invertible elements in f~^{U'). U is open and non- 
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empty (since eeU). From foj=fof we obtain, using the chain rule 0.11 
for differentials, that 



Mdj)Mdf)f.of (xet/). 



which implies the assertion. 

1.22 Invariant bilinear forms. Let = (K j, be a J-structure. We use the 
previous notations. A bilinear form B on F x K is called invariant (with 
respect to 5^) if we have 

(19) B(gx,g'-y)=B{x,y), 

if X, yeV, geG^, where g^->g' denotes the standard automorphism of G 
(which stabilizes G°). 

1.23 Lemma. An invariant bilinear form B is symmetric. 

From (19) it follows that 

B(ge, g' e) = B{e, e). 

Since g''e=j{ge\ we conclude that 

(20) B{xJx) = Bie,e), 

if X is in a suitable open subset U of V which contains e. 
Differentiation of (20) gives 

B (x, (dj)^ ( 3 ;)) + B{y,jx) = 0. 

From the definition (16) of P(x) and (19) it follows that 
B{P(x)-^x,y) = B{yJx). 

Since P(x)~^ x=jx by 1.16 (hi) we conclude that 

B{jx, y) = B{yJx), 

for X in a suitable nonempty open subset of V. This implies the assertion. 

The standard symmetric bilinear form or of 1.14 is invariant, but 
might be 0. We shall now show how to obtain nonzero invariant forms. 

1.24 Proposition. Let F be an irreducible factor of the norm N of 
There exists a nonzero invariant symmetric bilinear form B on VxV 
such that 

(21) B(x,y) = F{x)idF)j^{y), 
if X is invertible, for all ye V. 
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Define a rational function B on VxV hy 

B{x,y)=F{x){dF)j^{y), 

(x invertible). Clearly B is linear in its second argument. Let c be as in (12), 
let g 1-^ g' be the standard automorphism of G. 

It follows from (12) that 

(dF\^{g y)=c{g){dF)^{y), 

whence, using (14), 

B(gx, g' y) = F{g'U x))-^dF\.^J^y{g' y) = B{x, y), 

for all geG. Moreover it follows from 1.14 that B + 0. 

Replacing y by t y in (13) (teK*) we obtain 

F(x) F(tj X +; y) F(y) = F(x + 1 y) , 

if X, y and jx+jy are invertible. Differentiation shows that 

F{x){dF)j^Ux)F{y) = mAyh 

whence, replacing x by;x and using (14), 

B(x, y) = B(y, x), 

for (x, y) in a suitable nonempty open subset ofVxV, This establishes the 
symmetry of B. Since B is linear in its second argument it follows that B 
is bilinear. The invariance has already been proved. This establishes 1.24. 

1.25 Direct sum of J-structures. Let S^ = {VJ,e) and 5^'=(F',/, ^') be 
two J-structures. We define their direct sum = e") as follows. 

Take V" = VxV\ define 



f'{v, 

e = (e, e'). 

It is easily seen that satisfies the axioms of a J-structure. We write 
= We have (in an obvious sense) properties like = 

1.26 Fields of definition. Assume that 6F = {V,j,e) is a J-structure over 
the subfield kofK (in the sense of 1.3). Then the norm N is defined over fc. 
It follows from 1.18 that the standard symmetric bilinear form g is 
defined over k. Moreover it is clear from (16) that P is de defined over k. 
We cannot assert that the structure group G is defined over k in the 
sense of [1, p. 46] (a criterion for this to be the case will be given in 4.10). 
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But the inner structure group is defined over k: this follows from the fact 
that P is so, using [3, 2.2, p. 106]. 

1.27 J-structures without identity element We terminate this section 
by discussing a situation which is somewhat more general than that of 
1.3, in that we dispense with the “identity element” e. We call ^-structure 
without identity element a pair ^ = {VJ) of a finite dimensional vector 
space V and a birational map j of V such that the following holds: 

(Jl)' j is homogeneous of degree —1. 

If j is regular in x define P{x) by (16), viz. 

We then further require the following identity of rational maps: 

(J2)' jx=j{x+y)+j{x+P{x)jy), 

and an analogue of (J3): 

(J 3)' The structure group G of j has a dense orbit in V, 

Replace y hy ty in (J2)' (teK*). Comparing coefficients in a formal 
power series development, as in the proof of 1.16, one sees that 

idj)Jy)+j{P{x)j y)=0, 

whence 

j{P{x)jy)=P(x)-^y, 

if j is regular in \ and y. It follows that P{x)eG if j is regular in x. 

Now take eeV such that e is in the dense orbit of G in K and that j 
is regular in e, and put 

fx = P{e)jx. 



Since 1.16 (iii) holds for j and P (this is solely a consequence of the homo- 
geneity of j) we have f e = e. Let 5^' = (F, /, e). 

One then checks without trouble that 6^' is a J-structure in the sense of 
1.3. Thus we have reduced J-structures without identity to J-structures. 
It is easily seen that is uniquely determined by up to isomorphism. 
We finally remark that (J 2)' holds in any J-structure. This follows from 
(J2), using (J3) and 1.16 (i), (iv). 

Notes 

Most of the material of §1 was suggested by results in the theory of Jordan algebras. The 
structure group of a Jordan algebra was first introduced by Koecher in [16, p. 70], in a 
somewhat different manner. See also [8, p. 79] and [17]. 

The axioms of a J-structure formalize the notion of inverse. (J 1) and (J 2) are then obvious 
requirements. The importance of (J3) was first realized by Braun and Koecher, see [8, 
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p. 152], where it is shown that properties of this nature can be used to characterize Jordan 
algebras, if the characteristic is not 2. We shall discuss this in §6. 

Our definition of the norm in 1,4 does not reflect the current definition of norms in Jordan 
algebras, due to Jacobson, see [14, p. 223], The procedure followed here is quite natural in 
the context of J-structures. It leads to simple proofs of results like 1.10 and 1.12, which are 
analogues of results contained in [8, III, §3]. 1.14 was also suggested by material from that 
book [loc. cit.. Ill, §4]. 

The introduction of P by (16), in the case of Jordan algebras, is due to Koecher [16]. 1.16 
reflects well-known properties in Jordan algebras. See also §3. 

The inner structure group was introduced in [8, p. 92]. The name is due to Jacobson 
[14, p. 59]. The discussion of invariant bilinear forms was inspired by [8, III, §4]. 

The definition of a J-structure without identity in 1.27 was suggested by the notion of an 
isotope in a quadratic Jordan algebra, see [15, 1.63]. We shall not use this notion for 
J-structures. 
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In this section we discuss some examples of J-structures. Almost all of 
them are related to associative algebras and quadratic forms. 

2.1 Theorem. Let A be a finite dimensional associative algebra with identity 
element e. 

(i) There exists a unique birational map i: A^A with the following 
property: i is regular in x if and only if x has an inverse and in that 
case we have ix = x~^ ; 

(ii) /(A) = {AJ,e) is a J -structure. If A is defined over /c, then /{A) is 
defined over k. 



If xe A denote by L{x) the linear transformation y i-^x • 3 ; of The asso- 
ciativity of ^ implies that L(x) L{y) = L{x y); clearly L(^) = id. If x has an 
inverse, then L(x) L(x“^) = id, so that L(x) is a nonsingular linear trans- 
formation. Conversely if L(x) is nonsingular, then x has an inverse, 
namely L{x)~^ e. Since L(x) depends linearly on x and since the inverse 
of a nonsingular linear transformation of ^ is a rational function of that 
linear transformation, we conclude that 

ix = L{x)~^ e 



defines a rational map A-^ A, which has the property of (i). The uniqueness 
of i follows from the uniqueness of the inverse of an element of A. Let A* 
be the set of invertible elements of the associative algebra A. This is an 
open subset of A. 

To prove (ii) we have to check the axioms (J 1), (J2), (J3) of 1.3 for 
(A, i, e). For (J 1) and (J 2) this is easy, and the details are omitted (for (J 2) 
use that (^ + x~^)“^ =x(^-hx)“^ if x and ^H-x are invertible). 

To establish (J3) we observe that for x, a, be A* we have (axb)"^ = 
b~^ x~^ a'^, or i{abx) = b~^{ix)a~^. This shows that all linear trans- 
formations 

xh->axb{a, beA^) 



are in the structure group G of i. It follows that contains the nonempty 
open subset >4* of A, which proves (J 3). The last point of (ii) is clear, in 
view of the definitions. 
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We call the ^-structure defined by the associative algebra A. Clearly 
xeAis invertible in /{A) if and only if x is invertible in the associative 
algebra A. 

2.2. We next determine the rational map P : A* ^ GL{A) of the J-structure 
^{A) (see 1.15). For x, ye A* such that xAyeA* we have 

or 

i{x + y) = L{x~^) • i{e + yx~^). 

This implies that 

(di)^(y) = L{x-^)(di)^{yx-^). 

By 2.1 and 1.16(iv) we have (di)^(z)= — z, whence 
(di)Ay)= -x~^yx-\ 

P{x)y = xyx. 

Clearly P can be extended to a quadratic map A -> End(v4). 

2.3. We call the norm N (the trace t) of /(T) the reduced norm (respectively, 
the reduced trace) of A. We shall show presently that these notions are the 
usual ones. Let a be the standard symmetric bilinear form on Ax A 
(see 1.4 and 1.11 for iV, ex and t). 

2.4 Lemma. If x,yeA then N(x y) = N{x) N{y), a(x, y) = T(xy). 

From the proof of axiom (J3) in 2.1 we conclude that if xeA* the 
linear transformation L(x) lies in the structure group G of /{A). It then 
follows from 2.1 and 1.5 that there exists ceK* such that for fixed xeA 
we have 

N{xy) = cN{y) {ye A). 

Taking y = ewQ obtain the first formula for xGy4*, ye A, hence for all x, y. 
We have 

N (x) N {i X + y) = N (x) N {x~'^ + y) = N {e + X y) 

= 1 + (dN)^ (x y) + terms of degree ^ 2 . 

The second formula of 2.4 now follows from the definitions of a and t 
( given in 1.11), observing that i(x) = (diV)^(x). 

2.5. Now let A=M^, the algebra of rxr matrices. For X = (x^.^)gM^, 
let X.j be the determinant of the (r — 1) x (r — 1) matrix, obtained by de- 
leting the i-th row and the j-th column of X, multiplied by ( — l)*'*'^. Put 
2 id}{X) = {Xji) (l^i, j^r). Then if X is an invertible matrix we have, as 
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is well-known 

(1) X-'=(detX)-' -adj(X). 

From the formula 

(2) detX= 

J=i 

one easily deduces the well-known fact that the polynomial map 
det : is irreducible (use induction on r). 

It follows that adj and det are a numerator and a denominator of i, 
respectively. Since detc = l, we conclude that det is the norm of the 
J-structure Hence /(M^) has degree r. 

It also follows that in the norm coincides with the reduced norm, 
which justifies our definition of reduced norm in an associative algebra 
(for the usual definition of reduced norm in a simple algebra see [6, p. 173]). 
Also (tr denoting the trace function on M^) 

det (c + X) = 1 -h tr (X) + terms of degree ^ 2 , 



which shows that 



T(X) = tr(X). 



If ^ is a central simple algebra over a field kczK, the norm N and the 
trace t are defined over k. By loc.cit. N(x){t(x)) is the reduced norm of 
xeA{k) (respectively, the reduced trace of x). We denote by the 
J-structure of degree r, discussed above. From what was said 

above it follows that the norm of is an irreducible polynomial func- 
tion. Also, the standard symmetric bilinear function is nondegenerate 
in this case. Hence AT is a nondegenerate polynomial function. 

The next result will only be needed in Section 15, in the proof of 15.8. 
If A is an associative algebra we denote by A° the opposite algebra, 
whose underlying vectorspace is that of A, with the product in reversed 
order. Let d be the diagonal imbedding a h-> (a, a) of A into A © A°. 



2.6 Theorem. Let A=M^. Let cj) be a linear map of A into an associative 
algebra B with (j){e) = e. Assume that (j){x) is invertible in B if x is so in A, 
with 0(x)~^ =(/)(x~^). Then there exists a unique algebra homomorphism 
if/ of A® A° into B such that, d being as above, (j) = \l/od.Ifkc:K is a sub- 
field such that B and (j) are defined over k, then ij/ is defined over k. 

Let i^, i^ be as in 2.1, for A and B. Our assumption about </> means that 
i^o(j) = (l)oi^. The chain rule for differentials 0.11 then shows that we 
have, if X6y4* 

Using 2.2 one concludes that 



(3) (t>{xyx) = <l){x)(t>iy)(l){x) {x,yeA) 
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whence 

(4) (t>ixy + yx) = (l){x)(l){y) + (l){y)(t>{x) 

(replace in (3) y by e and x by x + y). 

Let (E^j) be the canonical basis of M^. Put (l)E-j = bij. If xeK, 

i we have 

(Xi £ii + ---+x,£,, + x£;j)-* =Xi-* £ii + ---+x 7^ £,,-xxf* x]-^ Eij, 

which implies a similar formula, with E^^ replaced by From this one 
concludes that the are mutually orthogonal idempotents in J5, with 
sum e and that 

(^) i ~ ^ij i ’ ^ij ^kk~^kk ^ij ~ ^ ? 

if i, j, k are distinct. If i 4 = j put 

^ij ~ i * 

It follows that , „ 

and that 

(61 I ^ ‘ ^ ~ 

I fij = bjj bij = b,jbit = (e-b,t) bij =b,j{e- bj) . 

We claim that eijfj^i = ^ij = 0. For by (5) and (6) 

^ij fk i — ^ij ^jj ^ki^kk — ^ if j 4= 7 =N ^ 

= biibijbiib^i = 0 if /4=i, l+j, 

= bij bjj{e - bjj) bj ^ = 0 if j = K l = i> 

In the remaining case / =) we have, using (4), 

fk j — i ^ij ^kj \k~ ~^iibkj ^ij fc ~ if ^ ^ ? 

and 

efj = biibfjb^i = 0, 

by (3). That ^^^ = 0 follows similarly. 

One then proves, by an argument of the same kind that 

.7. {eije„,=Sj^e„ if i+l 

\fijfu = ^ufkj 

We next claim that e^j ej^ is independent of j 4= i. Let 1,7, k be distinct. 
By (7) we have e^j €^^ = 6^^, e„i = e^j Cji, whence ei^e^i = 6ij e^j Now 

(4) implies that 

k ^kj “b ^kj k ~ ^jj "b fc ’ 

whence, multiplying by bjj on both sides, 

k ^kj "b fkj fjk ^jj • 
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It then follows that 

k^ki~ ^ij (^jj ~fkj fi k) i ~ ^ij ^ jj i ~ i » 

which establishes our claim. Similarly, ^ is independent of j=t=i. Put 

ea = eijejiJii=fjJij.ThQn ^..+y:. = h... 

One now shows that (7) holds without restriction. Defining 

it follows that ij/ has the required properties. 

To prove the uniqueness of ij/ remark that 

d(E,j)d{E„)=iSj,E,„S,,E,j), 

from which one concludes that xj/ must satisfy 

k ^ i 5 0) H- (5^ ^ (0, Ej^j) = bij bf^ I . 

It follows that 

il^{E,j,0) = b,jbjj = e,j, 

^(0,£y) = fo,,.b,,=4, 

establishing uniqueness. The last point of the assertion is clear. 

in Algebras with involution. Now let ^4 be a finite dimensional associative 
algebra with identity e, let p be an involution of A. This means that p is 
a linear bijection of A onto A such that = id and that p(xy) = p (y) p (x) 

(x,yeA). 

Let B={xeA\px = x} 

be the space of p-in variant elements of A. Put B* = BnA*, the set of 
invertible elements of B. Since p(x)~^ =p(x“^), / induces a rational 
map B-^B, which we also denote by i. 

2.8 Proposition. {B, i, e) is a J-structure if the following condition is satis- 
fied: the subset {x'px\xeA}ofB contains a nonempty Zariski-open subset 
of B, This condition holds if char(K) + 2. 

It follows from 2.1 that the axioms (Jl) and (J2) of 1.3 hold in (B, i, e). It 
remains to prove (J 3). Now if aeA*, xeB*, we have ax • p aeB*, and 

i{ax‘ pa)=(p a)~^(i x)a~T 

It follows that for xeA* the linear transformation 

yi-^xy-px (yeB) 

of B lies in the structure group G of the restriction of i to B. 
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Also, taking xeB*, we conclude that x^=xe-(px) lies in Ge. That 
(J 3) holds if the condition of 2.8 holds is now clear. The last assertion 
follows from the following lemma. 

2.9 Lemma. Let char (K) =i= 2. Let A be a not necessarily associative algebra 
with identity e, let B be a subspace of A, containing e and such that the 
square of an element of B lies in B. Then the set of squares of elements of B 
is dense in B. 

Proof of the lemma. Let (j) be the morphism x\-^x^ of B into B, then 
(j){e) = e. The differential (dcj))^, which is a linear transformation of B, is 
scalar multiplication by 2. Since char(X) + 2, it then follows that (j)(B) is 
dense in B (see [1, 17.3, p. 75]). This concludes the proof of 2.7. 

We write {B,i,e) = ^(A, p) and we call it the ^-structure defined by the 
associative algebra with involution (A, p), if the condition of 2.8 holds. 

We next discuss some particular cases of 2.8. 

2.10 Symmetric matrices. Take in 2.7 for A the algebra of rxr 
matrices and let pX = ^X, the transposed of X. Then B is the set of 
symmetric rxr matrices. By 2.8 we obtain a J-structure (M^,p), if 
char (X) =1=2. As a matter of fact this restriction on char(X) is superfluous, 
so that 5^ = (Sy, i, e) is always a J-structure. In order to establish this it 
suffices, by 2.8, to show that the set of symmetric matrices of the form 
X • ^X (xgM*) is dense in S^. But this is a consequence of the fact that 
in any characteristic two nondegenerate symmetric bilinear forms on 
X'' X K’’ are equivalent, which follows from the results of [12, p. 15] and 
[12, p. 20]. 

Now the restriction of the polynomial function det of to is 
irreducible (this can be proved by using (2) in the same way as the irre- 
ducibility of the form det onM^, see 2.5). It follows as in 2.5 that det is 
the norm of the J-structure hence is a J-structure of degree r. 
From 2.4 we conclude that the standard bilinear symmetric form a 

on ^ is again given by 

" ^ ^ G{X,Y) = tr(XY). 

Let X=(xy), Y=(yij) {Xfj=Xij, yij=yji). Then 

(t(X, y)= + 2 X 

i=l 

It follows that for r>l, a is nondegenerate if and only if char (K) =1=2 
(if r = 1, it is clear that Hence the norm of .9^ is a nondegenerate 

polynomial function if char(X)=}=2. 

2.11 Alternating matrices. Let be the set of alternating rxr matrices, 

i. e. consists of the X = (x^j) in , such that x^ ^ = 0, x^j = — ^ ( 1 ^ i, j ^ r). 
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2.12 Lemma, (i) There exists a homogeneous polynomial function Pf on A 2 r 
of degree r, such that for XeA 2 r have that det AT = (PfX)^; 

(ii) There exists a polynomial map n: A2r~^A2r of degree r — 1, such that 
for nonsingular XeA 2 r have 

X-^={FfX)-^n{X); 

(iii) The polynomial function Pf is irreducible. 

(Pf(X) is called the Pfaffian of X.) (i) and (ii) are well-known results, a 
proof can be found in [14, Lemma 2, p.230]. The proof of (iii) uses the 
analogue of (2) for Pf, and is similar to the irreducibility proof for det. 

2.13. Let S = (Sij) G A 2 , be given by = 0 if 1 1 -; | 1, ^ ^ i = 1, 5^ ^ i ^ - 1 . 

S is nonsingular and S~^ =S. Let now p denote the involution 

of M 2 ,. As in 2.7, let B={xeM 2 r\pX = X}. 

By 2.8, (B,i,e) = ^(M 2 r,p) is a J-structure if char(K)=|=2. Then 
X\-> XS defines a linear isomorphism of B onto A 2 ,, by means of which 
one can transport the J-structure ^(M 2 ,,p) to a J-structure with 
underlying vector space A 2 ,. One can define js/, directly as follows: 
^, = (A2,,7,5'), where j is given by 

jX = SX-^-S~\ 

if 2 fGA 2 r is nonsingular. 

We started with the restriction char(X)=#2. However j/, is a J-struc- 
ture in all characteristics: the crucial axiom is (J3), which holds in 
because any two nondegenerate alternating bilinear forms on x 
are equivalent (see [12, p. 15]). 

From 2.12 we conclude that is a J-structure of degree r and that 
Pf is the norm of j/, (if Pf is normalized such that Pf(5)= 1). By 2. 12 (iii) 
the norm is irreducible. The standard symmetric bilinear form o is given 
by the following result. 

2.14 Lemma. Let X = (x,j), Ye{yij) be matrices in A 2 r- Then 
<T(^,y)=- X Xijyij- 

l^i< j^lr 

If X is nonsingular we have (see 1.11) 

^ (X, Y) = Pf (X) Pf (X- ^ + 7) = 1 + (t(X, 7) + terms of degree ^ 2 . 

By 2.12(i) we have 

0 (X, Yf = det X • det (X" ^ + 7) = det (^ + X 7) 

= 1 + tr (X 7) + terms of degree ^ 2 . 



( 8 ) 
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First let char(K) = 0. From the last two formulas it then follows that 
(T{X,y) = itr(ZY)=- X ^ijytr 

l^i<j^2r 

Now from (8) it follows that ^(X, Y) is a polynomial function with 
integral coefficients. But then the validity of 2.14 in characteristic 0 
implies its truth in any characteristic. Observe that a is nondegenerate 
in all characteristics. 

2.15 Quadratic forms. Let F be a finite dimensional vector space, let Q 
be a quadratic form on V (see 0.16). We put 

Qix,y) = Q{x+y)-Q{x)-Q{y), 

SO (x, y)^Q (x, y) is a symmetric bilinear form on F x F We put 

Qxiy)=Q{x,y), 

this is a linear function on F 

Let ee V be such that Q(e)= 1. We put 

x= -x + g(x, e)e. 

Since Q{e,e) = 2Q (e) = 2, we have e = e.lt is easily seen that 

(9) Qix) = Q{x), 
whence 

(10) x = x. 

Let G be the group of all linear transformations geGL(F) such that 
there exists aeK* with 

2(g^) = ^QW (xgF). 

If geG, we put 

(11) g'-x = fl-‘g(5c). 

Then g'eG and gh^ g' is an automorphism of G of order 2. 

We need the following lemma, which can be viewed as a version of 
Witt’s theorem (see [12, p. 21 J). 

2.16 Lemma. Let x,yeV, Q(x)Q(y) + 0. There exists geG such that 
gx = y if one of the following conditions holds: 

(a) char (X) 4: 2, 

(b) 2x4=0, 2y4=0. 

Since scalar multiplications x\->tx{teK*) are in G, we may assume that 
2W=2(y)‘ Now 

Q{x-yy)-{-Q{x-y)=2Q{x) + 2Q{y) = 4Q{x), 
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If char(X) + 2 it follows that at least one of the two elements Q(x-\-y\ 
Q(x — y) (say the first one) is nonzero. Let be the reflection defined 
by x + y, i.e. 

rx+y{z) = z-Qix + y)~^Q{x+y,z){x+y). 

Since 

Q{x + y,x)=-2Q{x)+Q{x,y) = Qix+y), 

we have 

-y, 

SO g = —r^+y (which is in G) is as required. 

If char(X) = 2 and if (b) holds there exists aeV such that Q(a)=^0, 
Q(x,a)=^0, Q(y,a)+0. We may then assume that Q(a) = Q(x) = Q(y). 
But then 

Q(a + x) = Q(a)-hQ(x)-hQ(a, x) = Q(a, x) + 0. 

As before we see that r^_,.^(x) = a, similarly r^+y(y) = a. Hence 

nr+\fa + x(x) = y, 

which implies the assertion. 

With the above notations define for xgK Q(^) + 0, 

Jx = Q(x)-^-x. 

Clearly j is a rational map F— > V. 

2.17 Theorem. Assume that + 0. Then J {V, Q, e) = {V, j, e) is a ^-structure. 

From (9) and (10) we obtain 

20■^)=6W“^2(^)=2W”^ 

and 

j{J x)=Q(J j x = x = x. 

Also j e=Q(e)~^ e = e. Hence (Jl) holds. 

To prove (J 2), observe first that (if g(x)=|=0) 

Q {e +j x) = Q(e + Q{x)-^x)=Qixy^Q{Q{x)e+ x) 

= Q{x)~^{Q + 2 (^) 2 ix, e) + Q (x)} = Q{x)-^ Q{e+x). 

Hence (if g(x)=#0, g(e+x)+0) 

j{e + x)+j{e+jx)=Q{e + xy^ e + x + Q{x)Q{e+xy^ e+jx 

= Q(e+x)“^ e+x+Q{x)e + x = e, 

which proves (J 2). 

To prove (J 3), observe that for g £ G, and g' being given by (1 1), we have 

g(jx)=j{g' X). 
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Hence G is contained in the structure group ofjf. By 2.16 we have that the 
orbit Ge contains the nonempty open set of all xeV such that Q{x) + 0, 
g^=|=0. Hence (J3) holds. 

2.18 Corollary. G is the structure group of /{V,Q,e). 

This follows by using 1.5. 

In the situation of 2.17 we call J{V,Q,e) a J-structure defined by the 
quadratic form Q. 

Remark. The hypothesis Qe+0 of 2.17 is automatically fulfilled if 
char(X) + 2, since we have Qe{e)=^Q(e, e) = 2. 

We next shall determine norm and standard symmetric bilinear form. 
First we establish a simple lemma. 

2.19 Lemma. Let ^=={VJ, e) be a J-structure of degree 1. Then dim V=l 

and 5^ is isomorphic to the J-structure defined by the K-algebra K. 

If S has degree 1, the numerator of n of j must be a constant polynomial 
map V-^V. It follows that j{V) has dimension 1. Since j is birational this 
implies that dim F=l. The assertion then follows. 

Returning to / (V, Q, e) assume from now on that dim F>1. It then 
follows from 2.19 that the polynomial function Q is the norm of 
/(KQ,e). 

Since 

Q{x)Q(jx + y)=Q{x)Q{Q{x)-^ x+y) 

= Q{x){Q{xr^Q{x) + Q{x)-^Q (x, y) + Q (y)} 

= 1 + Q(x, y)+Q{x)Q{y), 

we conclude from 1.11 that 

(12) a{x,y)=Q{x,y). 

Hence c is nondegenerate if and only if the quadratic form Q is non- 
degenerate if char(X)=(=2 and is nondefective if char(X) = 2 (for these 
notions see 0.16). 

From Q{x)jx=^x one obtains that 

Q W W)x (y) + {dQ)x iy)jx=y. 

Since 

{dQ)xiy)=Q(x,y), 



this gives 



idj)x{y)=Q{x) ^y-Q(x) ^Q{x,y)jx 
=QUx)y-Q(jx,y)jx. 
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Hence 

(13) P(x)y = Q(x,y)x-Q(x)y. 

Finally, suppose that Khas a fc-structure, that Q is defined over k and 
that eGV{k). Then it is clear that /{V, Q, e) is defined over k. 



2.20. Let char (X) 4= 2. Let be the canonical basis of K\ let Qr 

be the quadratic form on X"* defined by 



Qr ( Z e}j = j^xf. 



If r>l then J{K\ Q^, e^) is a J-structure of degree 2, which we denote 
by^2,r- 

Now assume char(K)=2. Let Q^. be the quadratic form on 
defined by , ir . r 

Qr ( ^ ^ r* 

\/ = l / j = i 



We denote the J-structure /{K^\ Qr, e.r + e 2 r) by 6^2, r (^^1)- Next let 
(^r)o^i^2r be the canonical basis of (r^l). Let Q,' be the quadratic 
form on defined by 



Qr i ^ ^0 "F X! + r • 

\i = 0 I i=l 



We denote the J-structure /(K 6r> ^r + ^2r) by (P^'.r-The J-structures 
tPi and (p2,r are only defined if char(X) = 2. 

Using (12) one easily checks that 6^2,r and ^2,r have a nondegenerate 
standard bilinear form a. This is not so for (!?2,r- On sees that in that 
case (j{x, F) = 0 if and only if xeKe^. 



2.21. We finally give a brief discussion of a more recondite example, 
of a quite different nature. This example will not be used in the sequel. 
We use freely results and notions from the theory of linear algebraic 
groups, for which we refer to [1]. 

Let G be a linear algebraic group which is connected and reductive. 
Let g be its Lie algebra. G and its subgroups act on g via the adjoint 
representation Ad. Assume that S is a 1-dimensional subtorus of G with 
the following properties: 

(A) S has only two nonzero weights a and —a in q; 

(B) there exists neG such that nsn~^ = s~^ {seS). 

Denote by H the centralizer of S in G. Then FT is a connected reductive 
subgroup of G. ^ denoting its Lie algebra, we have a decomposition 



g = t)©9a@9-a, 
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where 

9 ±^ = {XGg|Ad(s)X = s^"X, for all seS}, 

Then and f)©g_a are the Lie algebras of parabolic subgroups 

Q,Q~, respectively, see [4, 4.15, p. 90-91]. The unipotent radicals 
V and V~ of Q,Q~ have the Lie algebras g«, g_a, respectively. We have 
SczH and these two groups act on Tby conjugation. From [4, 3.17, p. 81] 
it follows that F is a vector group, and that the scalar multiplications of 
the vector group structure are given by conjugation with suitable elements 
of 5. 

Let n be as in (B) above. Then Q~ = nQn~^, V~ =nVn~^, and n 
normalizes H. We write h' = nhn~^ (heH). Put n^ = hQ, then hQeH. 

Since Q and Q~ are opposite parabolic groups in the sense of [4, p. 88], 
we have that V~ -Q is an open subset of G [loc. cit., 4.10 d), p. 89]. 
Likewise, VnQ is an open subset of G. It follows that there exists a 
birational map of V~ • P onto VnQ. From this one concludes that there 
exists a unique birational map j of F to F such that 

(14) j X'nxn'^enQ, 



if j is regular 
in particular 



in xeF This implies that 

j{sxs~^) = s'~^{jx)s (seS), 



which means that j is homogeneous of degree —1 (for the vector space 
structure of F). 

(14) can also be reformulated as follows: there exist unique rational 
maps jji’. V-^V and X: V^H such that 

j X'Hxn~^ 'jiX = nX{x). 

ji is again homogeneous of degree —1. Replacing x by and taking 
inverses, one see that 

X • {nxn~^)enQ, 

whence y] = j. Hence 

(15) j X • nxn~^ 'j x = nX{x). 

We now also find that 

(16) X(hxh'^) = hX{x){h')~^. 

It follows from (15) that 

jixy)j{x)-^ n{X{x)j{x)-^ l{x)-^)n~^enQ, 
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whence 

(17) j(xy) ■jiXix)j{x)j{y) X(x)~^)=jx. 

We now change the notation. Write the group operation in V 
additively, and put 

F(x)y=A(x)yA(x)-\ 

if A is regular in x. (16) implies that x\-^P{x) is a rational map of V into 
End(F) which is homogeneous of degree 2. (17) can then be rewritten as 

j (x + y) +j (F(x) O' X +j y)) =j x . 

Replacing xhy tx {teK*) and arguing as in the proof of 1.16 one sees that 
P(x)7 X = X , P(x) = - (dj )- ‘ . 

It follows that V and j satisfy axioms (Jl)' and (J2)' of 1.27. 

If one assumes moreover 
(C) H has an open orbit in K 

then (VJ) is a J-structure without identity in the sense of 1.27, which 
can then be modified as in 1.27 to obtain a J-structure in V. 

We next show how, given a simple J-structure, one can construct 
a reductive group G containing a 1-dimensional torus S such that (A), 
(B), (C) hold. In the construction we make use of Weil’s theorem about 
enlarging an algebraic group germ to an algebraic group, which we first 
recall (see [32, p. 373], see also [11, expose XVIII]). 

2.22. Suppose that X is an algebraic variety, assume we are given a 
rational map p: X xX-^X, denoted by p{x,y)=xy and an involutorial 
birational map i: X^X, denoted by ix = x~^, such that the following 
relations hold (it being assumed that everything needed for these relations 
to make sense is defined) 

(18) x(yz)=(xy)z, 

(19) x“H^3')=(y^)^~‘ = 3^- 

We call a triple (X, p, i) satisfying these conditions an algebraic group 
germ. It is defined over k if X, p and i are so. Weil’s theorem is now as 
follows. 

2.23 Theorem. Let (X, p, 0 be an algebraic group germ. There exists an 
algebraic group G together with a morphism f : X-^G such that 

(i) f{xy)=f{x)f{y) if xy is defined; 

(ii) / is an isomorphism of X onto an open subset of G. 
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If keK is a field over which the group germ is defined then G and f can be 
taken to be defined over k. Moreover G is uniquely determined up to a 
k-isomorphism. 

Now let ^ = e) be a J-structure. Let H be the inner structure group 
of (defined in 1.19). If aeV denote by t^ the translation xi-^ x + a of K 
We consider the t^ and the elements of H as birational maps of V. 

2.24 Lemma. The map oc of H xVxV into the set of birational maps 
of V with (x{h, a,b) = hot^ojotfj is injective. 



It suffices to prove that hota<^Jotf^=j implies a = b = 0, h = id. Now this 

relation implies ^ 

h(x)-\-h{a)=j(jx-b), 



for X in a suitable open subset of V. Replacing x by tx{teK*) we see that 
th{x)-\-h{a) = tj(J x — tb), 
which can only be if a — 0. Then 

h{x)=j(Jx-tb), 

whence h = id,b = 0. 



2.25. Let X = HxVxV. If h\-^h' is the standard automorphism of H, 
then 

( 20 ) johoj = h\ 

see 1.2. Moreover by (J2)' of 1.27 (which holds in ^ see the final remark 
of 1.27) we have 

( 21 ) jo ta°j=tj„ojot_„o(-P{a)). 

(20) and (21) imply that if x,yeX, the birational map a(x)oa(y) 
(where a is as in 2.24) lies again in oc{X), at least if (x, y) is in a suitable 
dense open subset U of XxX. Hence it makes sense to define a map 

p.U^X hy p(x,y)=a-i(a(x)oa(y)) 

(20) and (21) imply that in fact p is a rational map XxX-^X. Likewise 
one defines an involutorial birational map i: X^X by 

i(x) = a“^(a(x)“^). 

One checks by applying a that (18) and (19) hold. Hence (X,p,i) 
is an algebraic group germ. Let G and / be as in 2.23. Since, as one 
readily sees, p is regular in all points {(h, a, 0), {h\ a', 0)) it follows that 
f{H xVx {0}) is a closed subgroup of G, isomorphic to the semi-direct 
product of H and V. We identify H and V with the corresponding images 
in G. Let n=/( — id, 0, 0). Then G is generated by H, V and n. Let L be 
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the maximal connected linear algebraic subgroup of G. By a theorem of 
Chevalley, L is a closed normal subgroup of G, and G/L is an abelian 
variety (for Chevalley’s theorem see [25]). From what we just observed 
one infers that G/L is generated by the canonical image of n. This can 
only be if G = L, hence G is a connected linear algebraic group. 

We have constructed G without any extra assumption on Now 
assume moreover 

(I) ^ is simple, i.e. has no proper ideals (see 1.3). 

(II) H is reductive. 

(We shall see in 14.27 that (II) is a consequence of (I).) 

We show that (I) and (II) imply that G is reductive. Let 5 c: if be the 
1-dimensional torus of scalar multiplications. 5, considered as a subtorus 
of G, satisfies the conditions (A) and (B)^f ^.21. Let R be the unipotent 
radical of G, put G = G/R and define V, H, S to be the canonical images 
of V, H, S in G, respectively. 

We first observe that Vc^R. For VczR would imply, using (21), 
that we had P{a)~^ P(b)eR for all a, h in a suitable dense open subset 
of K containing e. This implies P{b)eR, hence HczR and G = R, which 
is impossible. 

n being as above, it follows from (21) that we have 
(22) ja - nxn~^enHV. 

The 1-dimensions subtorus 5 of the reductive group G has the properties 
(A) _and (B) of 2.21. Proceeding as in 2.21, one defines a birational map j 
of V such that the analogue of (14) holds. Comparison with (22) then 
shows that we must have 

j{x-\-r)-j(x)eRnV, 

for all reRnV. Hence RnV is an ideal in ^ (see 1.3). Since FcjiR, it 
follows from assumption (I) that RnV is reduced to the neutral element. 
The same is true of Rnn Vn~^. Let g be the Lie algebra of G, let g^, g_^ 
be as in 2.21. g^ is the Lie algebra of V. 

Let r be the Lie algebra of R. Then r n g^ = {0} : if r n g^ =1= {0} it would 
follow from [3, 9.8, p. 487] that RnV contained a 1-dimensional sub- 
group. Likewise rng_^ = {0}. But it then follows that 5 acts trivially 
on r, which implies that 5 centralizes R, hence RaH. Assumption (II) 
now shows that R is trivial, hence G is reductive. 

In fact, G is even semisimple. For let T be a maximal torus of ff, this 
is also one of G. The imbedding of H into GL{V) defines an immersive 
representation T— >GL(K). It follows that all nonidentity elements of T 
act nontrivially on V The center of G is contained in T and acts trivially 
on V hence is reduced to the neutral element. This establishes the semi- 
simplicity of G. It is readily seen that G is adjoint. 
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It also follows that the procedure of 2.21, applied to the present G and S 
leads to the birational map j of the J-structure 6^. 

2.26 The Lie algebra of G. Let G be the group constructed in 2.25. Let 
be the Lie algebra of H. The Lie algebra g of G can then be described as 
follows. We anticipate some results to be proved in the next sections. 
In 3.4 it is shown that P being defined by §1, (16), the map xh^P{x) is a 
quadratic polynomial map of V into End(F), so that it makes sense to 
write P{x,y) = P(x-\-y) — P{x) — P(y). In 4.3 we shall see that the linear 
transformation L{a, b) with 

L{a, b)x = P{x, a) b 

lies in t). Let X\-^X' he the automorphism of I) defined by the standard 
automorphism of H. 

With these notations we can describe g: we have 

g=I)©L©K 

the Lie product being given by 

[(X, a, b\ ( X c, d)] = ([X, y] + L(a, d) - L{b, c), X c - Ya, X'd-Y'b). 

This description of g follows from the construction of G given in 2.25. 
We omit the proof. 

Notes 

The examples of this section, except for the final one, discussed from 2.21 onwards, are of an 
elementary nature and need no further comment. 2.6 is a result about the representation 
theory of We indicate the context in which it should then be viewed. Let 6^ = {VJ,e) 
be a J-structure. Let T be the tensor algebra over V and denote by C(y') the quotient of T 
by the twosided ideal generated by all elements x0jx — e{j regular in x). We call C(5^) 
the Clifford algebra of S (in view of the analogy of the definition with that of the Clifford 
algebra of a quadratic form). Then C{6^) is an associative algebra which is universal for 
homomorphisms of y into J-structures of the form /{A), {A associative) in an obvious 
sense. 2.6 implies that We shall not pursue further the representation 

theory of J-structures in this book. Such a theory ought to be modeled on the representation 
theory of Jordan algebras. The latter theory (characteristic not 2) has been extensively 
developed, mainly by N. Jacobson. For a comprehensive account see his book [14]. The 
analogue of the Clifford algebra C(5^) is called there “special universal envelope”. 

The example discussed in 2.21 was suggested by a remark of A. Borel. A situation like that 
of 2.21 is discussed from a different point of view in [4a, §5]. 

The construction of G in 2.25 is essentially due to Koecher [18], if the characteristic 
is not 2. The use of Weil’s theorem 2.23 simplifies the construction. The construction of 
the Lie algebra of G, indicated in 2.26, was first given by Tits [31], and has been studied in 
detail by Koecher [19]. It follows from 2.25 that a simple J-structure leads to a reductive 
group G, containing a 1-dimensional torus S, which has property (A) of 2.21. This could 
possibly be used to study simple J-structures. We shall not do this, but follow instead in 
§12 and §13 another way to obtain the classification of simple J-structures. We shall 
exploit there a similar situation, where we have a reductive group G with a 1-dimensiorfal 
subtorus S, such that S has but few weights in a given representation of G. 
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3.1. Let y = {VJ, e) be a J-structure of degree d. We denote the norm ^ 
by iV, and we put for invertible xeV 

jx = N{x)-^ -nix), 

where the numerator n of j is a homogeneous polynomial map V-^ V 
of degree (i — 1, and n{e) = e (see 1.4). We denote by G the structure group 
of y and by gi-^g' its standard automorphism. Let the character 
a: G-^X* be as in 1.5. By 1.5 and §1, (5) we then have 

(1) n(gx) = a(g)g'{nx) (geG, xeK). 

In this section we shall study in more detail the rational map P: 
L^End(F) introduced in 1.15. Recall that we have, if x is invertible 

P{x)= -(^7)-^ 

We put for invertible xeV and yeV 

(2) </> (x, y) = N(x)n {j x + y). 

Since n is a polynomial map, 0 is a rational map V x V, whose 
denominator depends only on the first variable. Hence, for fixed in- 
vertible xeK we have that yi->(/>(x, y) is a polynomial map of degree 
d — 1. We put 

(l>(x,y)= Z 

i = 0 

where y i-» (^, (x, y) is a homogeneous polynomial map V of degree L 
(j)i is a rational map V x V. 

3.2 Lemma. If yeV is fixed, xt-^ 0,(x, y) is a homogeneous rational map 
of degree i + 1 (O^i^d — 1). 

Let teK*. We have by the homogeneity of j, n and N 

(j){t X, y) = N{t x)n{j{t x)-\-y) = t'^N{x)n{t~^ • ;x + y) 

= tN{x)n{j x + ty) = t(l){x,ty). 

This implies the assertion. 
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3.3 Lemma. If x,yeV are invertible we have 

(3) N{x) n(Jx + y)-\- N{y) P{x) n {x +j y) = N{x) N{j x-\-y)x. 

Let ^{x,y) denote the left-hand or right-hand side of (3). Using (2), 
1.5, 1.9 and 1.16(i) one sees that for geG we have 

y)=g^i^,y)- 

By axiom (J 3) it follows from this formula that if (3) holds for x = e, 
it holds for all invertible x in a suitable nonempty open subset of K 
hence by continuity for all invertible x. So it suffices to prove that (3) is 
true for x = e, i.e. that 

n(e-\-y)-yN{y)n{e -\-j y) = N{e-\-y)e. 

By 1.7 and the definition of n and N this is a consequence of axiom (J2). 

3.4 Theorem. The rational map P: V-^End{V) is a quadratic polynomial 
map. 

Let yeK let xgK be invertible. As in 1.11, put 
N{x)N{jx + y)= 

i = 0 

where is a polynomial function on VxV, homogeneous of degree i in 
either variable. It follows from (3) that 

... \<Poix,y)=x, 

(4) i 

( (j)i{x,y) + P{x)(l>,_i{y,x)=<l>;ix,y)x 



Taking i = l in (4) we obtain 

(5) P{x)y = a{x,y)x-(l)i{x,y), 

where (7 = ^^ is the standard symmetric bilinear form. 

Taking i = 2 in (4) we find, if y is invertible 

<Pi (x, y)=P{x)~H^ 2 {y<x)y-(l )2 {y, x)} . 

Now <Pj is a polynomial function and xi-^ x) is a polynomial map. 
It then follows from the last formula that for fixed invertible yeV, we 
have that xi-^ (/>i(x, y) is a polynomial map. Hence the denominator of 
the rational map : F x V-^ V is independent of the first variable. By 
what was said in 3.1, this denominator involves only the first variable, 
hence it must be a constant. Consequently is a polynomial map. 
That P is a homogeneous quadratic map now follows from (5), using 3.2. 
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3.5 An irreducibility criterion. Let G° be the identity component of the 
structure group G of let Gjc: G° be the inner structure group, see 1.19. 
The next result makes use of (5). Its corollary 3.7 can also be viewed as a 
simplicity criterion for J-structures. We discuss the relation between 
simplicity and irreducible action of G° in §12. 

3.6 Theorem. Suppose that the norm N is an irreducible polynomial 
function. Let W<^V be a proper subspace which is Gi-stable. Then a{V,W) 
= 0 . 

We shall prove the following assertion : 

(*) if a,beV and a{P{x) a,b) = 0 for all xeV, then either a{V,a)—0 or 
a{V,b) = 0. 

We first show that (*) implies 3.6. Let PT be a proper Gj-stable sub- 
space. Assume that (t{V,W) + 0. Then there exists beV such that 
(7{V,b) + 0 and (j{W,b) = 0. If aeW, then P{x)aeW for all invertible 
xeV (since W is G^-stable), whence P{x) aeW for all xeV. It follows that 
a{P{x)a,b) = 0, whence (r{V,a) = 0 by (*). This implies that cr{V,W) = 0, 
a contradiction. 

To prove (*), we observe that (5) implies that, under the assumptions 

of(*), 

(j(x, a) (t(x, fe) = (r((/>i(x, a), b). 

By the definition of a and we have 

a{x,y) = N{x){dN)j^{y), 

<f>i(x,y)=N{x){dn)jAy). 

Replacing x by jx and using 1.8 we see that 

(dN)^{a) ■ {dN)^{b)=N{x) a{{dn)^{a), b). 

It follows that the irreducible function N divides the product of two 
polynomial functions of strictly smaller degree. Consequently, one of 
these is 0. Hence {dN)^{a)=0 or {dN)x(b) = 0, which is equivalent to 
(j(L, a)=0 or a(L, h) = 0. This establishes (*) and concludes the proof of 3.6. 

3.7 Corollary. Suppose that N is an irreducible polynomial function and 
that a is nondegenerate. The G^ and G° act irreducibly in V. 

That Gi acts irreducibly under these assumptions is a direct conse- 
quence of 3.6. Since Gi is a subgroup of G°, the same holds for the latter 
group (of course, G itself acts irreducibly). 

3.8 Examples. Consider the J-structures G 2 ,,., introduced 

in §2. Using what was established there, one finds that Gi acts irreducibly 
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in the following cases: 

My and for r^l; 

for and char(K) + 2; 

d?2,r for 
&2 y for r^2. 

Next consider ^ for r^2 and charX = 2. The standard symmetric 
bilinear form o is then degenerate, as one sees from the formula given 
in 2.10. It can be checked, using 3.6 that the only nontrivial subspace 
of the space of symmetric matrices which is G^-stable is the space 
of alternating matrices. 

Similarly, one can discuss the case of (r ^ 1, char K = 2). Then the 

only nontrivial Gj-stable subspace is the 1-dimensional space K{ey-\-e 2 r) 
(with the notations of 2.20). 

3.9 Some formulas. We call the map P of 3.4 P the quadratic map of the 
J-structure ^ We write 

P(x, y) = P{x + y)-P{x)- P{y) (x, y € K) . 

Since P is quadratic, we have that (x, y)\-^P{x, y) is a symmetric bilinear 
map V X V-^ End(K). By the definition of differentials (see 0.9) we have 

P{x,y) = {dP)^{y). 

Notice that 

P(x, x) = 2P(x). 

We collect now a number of identities involving P First observe 
that by 1.16(vi) and 3.4 we have 

(6) P(P(x) y) = P{x) P{y) P(x) (x, ye V). 

(6) is an identity of degree 4 in x. Polarization, i.e. differentiation with 
respect to x, leads to a number of consequences, of which we only mention 
the following identity 

P{P{x,y)z) + P(P{x)z,P{y)z) 

= P{x) P{z) P{y) + P{y) P{z) P{x) + P(x, y) P{z) P(x, y) . 

For the next set of formulas we start with the formula of 1.16(iii) viz. 

P{x)jx=x, 

if X is invertible. We find by differentiation that 
P{x, y)j x+P(x) (dj)^ {y)=y, 
whence, by the definition of P(x), 

(8) P{x,y)jx=2y (xeF invertible, ye F). 
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Differentiation of ( 8 ) gives in the same way 

(9) P(y, z) jx—P{x, y) P(x)~^ • z {xgV invertible, y,zeV). 

Taking x = ^ in (9) one obtains, using 1.16(iv) 

(10) P(y, z)e = P(e,y)z = P(e, z) y . 

Putting y = e in (9) and using (10) we obtain 

P{Jx,e) = P (x, e)P{x)~^ {xgV invertible) . 

Using 1.16(i) and axiom (J3) it follows by an argument using G, similar 
to that used in the proof of 3.3, that 

(11) P{x)P{jx,jy)P{y)=P{x,y), 
whence 

(12) P{x)P{jx+jy)P{y) = P{x + y), 
if X and y are invertible. 

Taking successively x = e and 3 ; = ^? in (11) one sees that 

(13) P{x)P(j x,e) = P (J X, e) P{x) = P (x, e) (x invertible) , 

from which it follows that P(x) and P(x, e) commute for all xg K 

Next it follows from 1.16(v) and 1.5 that there is a rational function 
c on K such that 

N{P{x) y) = c(x) N{y) (x invertible, ye V). 

Taking y=jx, it follows from 1.16 (hi) and 1.8 that c{x) = N{x)^. Hence 

(14) N(P(x) y) = N{xf N{y) (x, ye V). 

Finally we mention the following formula, a variant of which occurred 
in 1.27, 

(15) j{x + P{x)y)+j{x+jy)=jx 

(valid if X, y, x+ 73 ;, x + P(x)y are invertible). For x = e this is §1, (3) (by 
1.16(iv)). The general case follows by using 1.16(i) and axiom (J3). 

(15) can be rewritten as 

(16) P(x)y=x-j(jx+j{jy-x)) 

(valid if the appropriate elements are invertible). We call (16) Hua's 
formula. If y = /(A), the J-structure defined by the associative algebra A 
(see 2.1), it follows from 2.2 that (16) reduces to Hua’s identity 

xyx = x — (x“^ +(y"^ — x)"^)“^ 
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3.10 Powers of an element Let Z be an indeterminate over K. By 0.9 
we have a formal power series development. 

(17) j{e-xX)^ 

m = 0 

where x is a rational map V-^ V 

3.11 Proposition, (i) xh^ x^ is a homogeneous polynomial map of degree m, 
we have x® = ^, x^ = x; 

(ii) The following relations hold for xeV, i,j,m^0 

(18) P{x)x^ = x^^\ 

(19) P(x"*) = P(x)^ 

(20) P(xU')x'" = 2x'+^+"'; 

(hi) Any two of the linear transformations P(x), P(x\ x^) (i, j'^0) commute. 
By 1.16 (hi) we have for xe (7 



P{e-xX)- f x^X^ = e-xX. 

m — O 



Equating coefficients of powers of X we find, since P(^^) = id, 



( 21 ) 



x^ ~P{e, x)e= —X, 

x"* - P (^, x) x"* - ^ + P (x) x"* - 2 = 0 (m ^ 2) . 



Using (10) we conclude that x^ = x. By induction on m it then follows from 

(21) and 3.4 that xf-^ x^ is a homogeneous polynomial map of degree m. 
This proves (i). 

From (8), with e — xX instead of x, we obtain 



(22) P(x, y) x"*-' =P{e, y) x"* (m^ 1). 



Taking y~e, this gives 

(23) P{e, x) x^-^ =P{e, e) x^ = 2x^ (m^ 1). 

Substituting this into the last formula of (21) we obtain (18). (19) is a 
consequence of (6) and (18) (using that P(£^) = id). 

It follows from (6) that 

P(x'+2 x^+2) = P(x)P(x', x^)P(x). 



(24) 
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This implies, using (18), that in order to prove (20), it suffices to consider 
the cases i=0 and i= 1. From (22) we conclude that 

P{x,xj)x^ = P{e, xj) x^^\ 

so that finally it suffices to prove (20) for i = 0. But by (10) we have 
P (e, x^) x"* = P (x\ x"*) e . 

Using again (6), we can reduce the proof of (20) to the case where 
Min( 7 , m) = 0 or 1. In that case the result follows from (10) and (23). 

To prove (iii) we replace in(ll)xby^ — x2f and y by ^ — xl^ where 
X and Y are indeterminates over K. Comparison of coefficients of the 
monomials X"* 7" then shows that P(x"*, x") is a linear combination of 
products of P(x) and P{x,e). It then suffices to prove that P(x) and 
P(x, e) commute, which follows from (13), as we already observed. This 
proves 3.11. 



3.12. If xG K we call x"* the m-th power of x. x^ is the square of x. If 5^ = J{A\ 
the J-structure defined by the associative algebra A, then this notion of 
power of an element coincides with the usual one, as follows from (18), 
using the explicit description of P in that case (see 2.2). 

We next introduce negative powers. If xg K is invertible we put 

x~^=jx, x-^ = (JxT (m^O). 

It follows from (18), using P{j x) = P{x)~^ (see 1.15) that 

P{x)x-^ = x-^^-^\ 

One then proves by induction on m that 




We see that (18) holds for all meZ if x is invertible. The same is then true 
for (19). It is also easily seen that (20) remains true for i, j, mGZ, if x is 
invertible. 



3.13 Idempotent and nilpotent elements. We say that xg V is idempotent 
if x^ = x. It then follows from (19) that P(x"*) = P(x) for all m^2. More- 
over (18) then implies that we have for 1 



^2m_p(x)m 

x2"* + l=P(x)"‘x = P(x)'” x2 = x^"' + 2^x. 



Hence x"* = x for all m> 1. 
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3.14 Proposition. xeV is idempotent if and only if the following holds: 
for all t,u€K* the element tx + u{e — x)ofV is invertible and j{tx-\-u(e — x)) 
= t~^‘X-\-u~^{e — x). 

Let X be idempotent. Since x"* = x for all m^l, we conclude from (17) 
that, X denoting an indeterminate over K, we have 

00 

j(e-xX) = e + x X X^ = e + x{l-X)-^X. 

m = l 

It follows that the rational map K-^V defined by t\-^j{e — tx) is regular 
for all t except t=l. Then (t,u)h->j{tx + u{e — x)) defines a rational 
map KxK-^V which is regular if tu + 0 and 

j{tx + u{e — x)) = t~^ x + u~^(e — x) {t, ueK*). 

This proves one half of the assertion. 

Let X have the property of 3.14. Then t\-^j{e — tx) is a rational 
map K-^V which is regular except for t = 1, and 

j{e — tx) = e + x{l—t)~^t. 

It follows that 

j(e-xX) = e + xtx'”, 

m = l 

whence by (17) 

x"* = x (m^l), 

which shows that x is idempotent. 

We say that xeF is nilpotent if x"* = 0 for some 1. 

3.15 Proposition. The following properties of xeV are equivalent: 

(i) X is nilpotent; 

(ii) for all teK, the element e — tx is invertible; 

(iii) for all teK we have N{e + tx)= 1. 

Suppose that x'” = 0. Then it follows from (18) that 

Hence the formal power series in the right-hand side of (17) is now a 
polynomial. This implies that 

t\->j{e-tx) 

defines a polynomial map of K into K which proves (ii). 

Conversely, if (ii) holds, then the rational map t\->j{e — tx) must be a 
polynomial map. Hence the formal power series in the right-hand side 
of (17) is a polynomial, so that x"* = 0 for sufficiently large m. This shows 
that (ii) implies (i). 
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Next observe that (1.8) implies 
(25) N{e + tx)N{j{e + tx))=l. 

Now if (ii) holds, it follows from what was said before that 

th->N{j{e-tx)) 

is a polynomial function on K. But then (25) implies that N{e-\-tx) must 
be a constant independent of t. Putting t = 0 we see that (hi) holds. Hence 
(ii) implies (iii). 

Finally, if (iii) holds, then the definition of N (see 1.4) shows that all 
elements e — tx are invertible, so that (ii) holds. 

3.16 Corollary. Let x be the trace of If xe V is nilpotent we have x(x)=0. 

This follows from 3.15(iii), because x(x) = (dN)^(x) (see (11)). 

Notes 

3.4 generalizes a well-known property in Jordan algebras, due to Koecher (see [8, p. 90]). 
The formulas discussed in 3.9 are familiar ones from Jordan algebra theory, see e.g. 
[loc. cit., IV]. 

The definition of powers given in 3.10 is a natural one in the context of J-structures. The 
characterization of idempotents given in 3.14 is basic for our treatment of the Peirce decom- 
position (in §10) and of the classification of J-structures (in § 1 1 and § 12). 




§4. The Lie Algebras Associated with a J-structure 



The results of this section will not be used in an essential manner until 
§14. 

Let 9" = {V, 7, e) be a J-structure with structure group G. We use the 
notations of § 1 and §3. 

If // is a linear algebraic group we denote by L{H) its Lie algebra, 
see [l,p. 118]. L(G) is identified with a subalgebra of gI(L) (notation 
of 0.2). 

4.1. Let g be the subspace of End(L) consisting of the XeEnd(F) such 
that there exists yeEnd(K) with 

(1) XUx) = {djUYx), 

for all invertible xeV. We shall show that g is a Lie algebra. But before 
doing so we have to introduce some notations. 

Let N be the norm of let j x = N{x)~^ • n{x). Let d be the degree 

of N. Denote by A the set of all homogeneous polynomial maps a : V-^ V 
of degree d — 1 and by B the set of all homogeneous polynomial functions 
b on K of degree d. A and B are vector spaces. Let P be the projective 
space defined by .4 x B, let po be the canonical image of (n, N) in P. 

Put M = GL(F) X GL{V). M acts in ^ x B by 

{(gi ,g2l{a,b))h^{gi°aog2\bogj^). 

This induces an action of M in B, denoted by (/i, p)\-^h- p. The structure 
group G of is then isomorphic to the isotropy group of po in M. Let 
X be the morphism of M into P defined by Xh=h' Pq. The differential 
{dX)x of A at the neutral element 1 is a linear map of the Lie algebra L(M) 
into the tangent space T(P)p^ of P at po- We identify L(M) with 
gI(F)xgI(n 

4.2 Lemma, (i) m = Ker{dX)i consists of all (X, y)6gI(F) x gI(F) such 
that (1) holds; 

(ii) m is a Lie algebra; 
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(iii) The projection of 9 l(^^)xgI(F) onto its first factor induces an iso- 
morphism of m onto g, hence g is a Lie algebra ; 

(iv) L(G)cig. 

Let be the K-algebra of dual numbers (5^=0). Let M(K[<5]) 

denote the group of X[^]-points of M. If X^eLiM) then id + <5XiG 
M{K [5]), where id is the identity map of V (see [1, p. 127]). Now em 
if and only if id + SX^ fixes Po^P- Let X^={X, 7). 

The definition of the action of M shows that em if and only if 

{id + dX)j x=j{x-\-dYx). 

Let T be an indeterminate over K. It follows that the formal power 
series for j{x-\-{Yx) T) (see 0.9) starts off with jx-\-X{jx) T which shows 
that (1) holds. This implies (i). 

To prove (ii) we use two copies K [5] and K [5'] of the dual numbers. 
These we imbed in the standard way in X [^] (x) X [(5']. If Y^eL{M), 
we have in M (K [5] (x) K [^']) that 

(id + ^Xi)(id + 5'7i)(id + ^Xi)-'(id + 5'7i)-'=id + (5(x)^') [X^, TJ. 

Hence if X^, 7iGm, we have that the element id + (^® ^') [2fi, 7J of 
M(X ® 5']) fixes po . Since (5 (5 (x) ^'defines an isomorphism of K [5] 
into X [5 ® <5'], it follows that id + ^ [Xj, TJ e G(X [5]), whence [X^, Yf\em. 
This proves (ii). 

(iii) is clear and (iv) follows from the connection between G and the 
isotopy group of Pq in M. 

We call g the structure algebra of 6^. Remark that by § 1,(16) the defining 
formula (1) can be rewritten as 

(2) P{x){X(jx))=Yx. 

Let P be the quadratic map of 6^. Put 

L(x, y) = P{xJy)P{y). 

(x6 K y invertible). 

4.3 Lemma, (i) If geG then 

(3) L{gx,g' y)= go L(x,y)og-^ 

(gi-^g' is the standard automorphism of G); 

(ii) L( , ) can be extended to a bilinear map ofV x V into End(F) satisfying 

(4) L(x, y)z = L{z, y)x = P(x,z)y. 

(3) follows from the definition of L, using 1.16. That (4) holds with y = e 
is a consequence of § 3, (10). By (3) and axiom (J 3) we then obtain (4) for 
y in a nonempty open subset of V, for all x,zeV. This implies (ii). 
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Let be the subspace of End(K) spanned by all L{x,y). Let be 
the inner structure group of 6^ (see 1.19). G acts on L(G) by the adjoint 
representation Ad. Identifying G and L(G) with subsets of End(F), 

we have Ad(g)X=goXog-i (geG, XeL(G)). 

4.4 Proposition, (i) czL(Gi)c:L(G)c:g; 

(ii) is stable for the adjoint action of G, and is an ideal in L(G); 

(iii) Z/geGi, Xeg then Ad(g)X — Xegi and gj is an ideal in g. 

P defines a morphism of a neighbourhood of e into G^, whose differential 
at e is x\-^P{x,e) (the tangent space at e being identified with V). It 
follows that L(x, e)ciL{Gi) for all xeV. Since G^ is a normal subgroup 
of G (see 1.20) we have by (3) that 

goL{x,e)og-^=L{gx, g'-e)eL(Gi), 

whence, using axiom (J 3), L(x, y)€L{G^) for all x, ye V. This proves that 
gi czL(Gi). The other inclusions of (i) being clear, we have established (i). 

The first assertion of (ii) has also been proved. The second one is a 
consequence (compute the differential of the morphism gh^ Ad(g)X of 
Gi into gi, for fixed see [1, 3.9(1), p. 134-135]). 

Let Xeg, let Ye End (L) be such that (2) holds. Differentiation of (2) 
shows that we have 

(5) (P (X) o X o P (x) - ‘ ) y = 73 ; + P (X, >;) {Xj x) . 

Now by (2) and (4) we have 

P{x,y){Xjx)= -P(x,y)P{x)-^ Yx= -L{y,jx) Yx= -L(Yx,jx)y. 
Moreover, (5) with x = e implies that 

(6) Yy = Xy-P{e,Xe)y. 

(5) can now be rewritten as 

{P(x)oXoP(x)-^)y = Xy-L{e,Xe)y-L{YxJx)y, 

which implies the first assertion of (iii). The second one is then a conse- 
quence. As in the proof of (ii) one also sees that we have [L(Gi), g] c: g^ . 

It follows, in particular, that g^ is a Lie algebra. We call it the inner struc- 
ture algebra of ^ 

4.5 Lemma. Let Xeq. Then 

X x^ = P{e, x) X x — P{x) X e. 

This readily follows from (2), using §3, (17). 

We next discuss some Lie algebras related to the automorphism group 
of 6^. Let H be that group. Clearly HczG. 
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4.6 Proposition. H consists of the elements of G that fix e. 

Let geG, ge = e. We have to prove that g is an automorphism. From §1, 
(3) and the definition of the standard automorphism of G we see that 

j{e+g x) +j(e +j{g' -x)) = g'-e. 

Using again § 1, (3) it follows that 

(7) j{e-hgx)-j{e + g' • x) = g' • 

Put h = g' ' g~^. The last formula implies that 

j x=j{e — he + hx) + g' • e — e 

(this is to be considered as an identity of rational functions). 

The left-hand side being homogeneous of degree — 1, it follows that 

j{t{e — he)-\-hx)—j(e — he + hx) — g' • e-\-e = t~^{g' • e — e), 

if teK*. For suitable xeV the left-hand side is regular in t = 0. This can 
only be if g' • ^ = e. It then follows from (7) that g' = g, which means that 
g is an automorphism. 

We put nGi and 

\) = {Xsq\Xe = 0}, 

^i=9inl). 

Clearly i) and I)i are Lie algebras. We have L(i/)c=I). 

4.7 Lemma, (i) I) consists of the linear transformations X of V such that 
X e = 0 and that 

(8) P{x)X{jx)=-Xx, 
for all invertible xeV; 

(ii) 7/char(K)=t=2 then (8) implies that Xe = 0. 

Assume that A^eg, Xe = 0. Let Y be such that (2) holds. The formula (6), 
established in the proof of 4.4, shows that Y = X, whence (8). 

If (8) holds, then (6) gives that P{e,X e)y = Q. In particular, 2{Xe) = 
P {e, Xe)e = 0, whence (ii). 

4.8 Lemma. If he Hi, Xel) then Ad{h) X — X e\)i • l)i is an ideal in i). 
This follows from 4.4 (iii). 

We call the elements of 1^ derivations of 6^ and those of I)i inner derivations. 
I) is the derivation algebra of 

4.9 Fields of definition for G and H. (The results which follow will not 
be needed until §15.) 




52 



§4. The Lie Algebras Associated with a J-structure 



The Lie algebras g and ^ are needed to establish results about fields of 
definition for G and H. We say that G (or H) is smooth if g = L(G) (or 
i) = L{H)). 

Let feciK be a subfield such that 5^ is defined over k. We denote by 
a separable closure of k in K. 

4.10 Theorem. IfG is smooth then G is defined over k. 

We use the notations of 4.1. We can then view G as the isotropy group of 
the point Pq, in the action of M on P. The assertion then follows by 
application of [1, 6.7, p. 180], using 4.2(i) and 4.2(iii). 

Next let 6^' = {V\j\e') be another J-structure, which is also defined 
over k and which is isomorphic to 5^ over K, Let be the set of isomor- 
phisms of ^ onto this is a subset of the vector space Hom(K V') of 
X-homomorphisms of V into V'. 

4.11 Theorem. X is an algebraic subvariety o/Hom(K V'). IfH is smooth 
then X is defined over k. 

Use again the notations of 4.1. Let A\ B\ P' be for 6^' as A, B, P for ^ 
Let Sc: Horn (K V') be the set of isomorphisms g of K onto V' with 
ge = e'. Sis an algebraic subvariety of Horn (K V') which is defined over k. 
Let K be the morphism of SxP into P' defined by 

n{g,[.a,bJ)=lgoaog-\ fcog-i] 

(where [a, h] denote the element of P defined by {a, b)eAxB, similarly 
for P'). j and / are identified with elements po » Po of ^ and F. We then 
have 

Z = {g6S|7c(g, Po) = P'o}- 

This shows that is an algebraic subvariety of S, hence of Horn (K V'). 
Let p be the morphism of S into P' defined by p{g) = n{gj). It is clear that 
dimp(S) = dimS— dim//. Now by a computation as the one used to 
establish 4.2 (i) one proves that the kernel of (dp)^ is isomorphic to 1) as a 
vector space, in any point xeX. It then follows from the smoothness of 
H that {dp)x is surjective. As in [1, p. 181] it then follows that X is defined 
over k. 

4.12 Corollary. IfH is smooth then H is defined over k. 

This is the case S' = 5 of 4.10. 

4.13 Corollary. Assumptions of 4.11. There is an isomorphism of ^ onto 
SF which is defined over k^. 

X is defined over fc by 4. 1 1, hence X (kj 4= </> (in fact, A^ (k^) is Zariski dense 
in X, see [1, 13.3, p. 52]). 
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4 . 14 . With the previous notations, assume now moreover that fe is a 
perfect field. Then G and H are always defined over k, as follows from 
[1, p. 47] (observe that G and H are clearly fe-closed). So for perfect 
base fields, the smoothness condition can be omitted in 4.10 and 4.12. 
The same is true for 4.11. 

Notes 

It can be shown that (2) is equivalent to 

P{Xx,x)=:XoP{x)-Pix)oY (xeV). 

With this formula one recovers the definition of the structure algebra of a Jordan algebra, 
given in [14, p. 437]. 

The use of the Lie algebra in 4.10 and 4.11, to deal with problems about (non-perfect) fields 
of definition is a familiar principle from the theory of linear algebraic groups, see e.g. [3]. 
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We keep the notations of Section 4. In this section we shall discuss 
J-structures of degree d^3, the most interesting case being d = 3. The 
trivial case d=l has already been discussed in 2.19. 

We assume that dim V>1. We also suppose that the norm iV is a 
nondegenerate polynomial function (see 0.15). We shall see in § 9 that this 
means that the J-structure 6^ is semisimple. 

5.1. We first assume that d = 2. In that case the norm N is a quadratic 
form on V. We put 

N(x, y) = N{x + y) - N(x) - N{y) (x, yeV), 

then (x, y) N{x, y) is a symmetric bilinear form on Kx K Let 

iV,(y) = iV(x,y), 

then is a linear function on V. 

Since d= 2, the numerator n of j is a linear transformation of V. From 
(J 1) and 1.8 one obtains that n^ = id. From § 3, (3) with x = e one then finds 

n{x)= -x-\-N{x,e)e, 

hence j has the same form as in 2.17. One then shows that, as in 2.18, the 
structure group G of j consists of the linear transformations geGL{V) 
such that there exists aeK* with 

iV(gx) = aiV(x) (xeV). 

Put 

R=={xeV\N^=0}. 

Then R is a. G-stable subspace of K If AT^ + 0 for some xeK we have 
R + V and then axiom (J3) implies that e^R. Hence N^+0 and we are 
in the situation of 2.17. If iV^ = 0 for all xeV, then 2=N(e, e) = 0, so that 
char (K) = 2. Then N is the square of a linear function. The nondegeneracy 
of N then implies that dim F= 1, which is impossible. It follows that a 
J-structure of degree 2 with nondegenerate norm is isomorphic to some 
^ 2 , r’ ^ 2 ,r (th® latter two if char(X)=2). 
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5.2. From now on we assume in this section that d=3. Hence AT is a 
cubic form on V. We put 

N(x,y) = {dNUy) {x,yeV). 

Then (x, y)\-^N{x, y) is a polynomial function on Kx which is homo- 
geneous of degree 2 in its first variable and linear in the second one. We 
have for x,yeV 

N(x + y) = N{xHN (X, y) + iV(y, x) + N (y) . 

N{x, y,z) = N{x + y,z)-N (x, z)-N (y, z) (x, y, z 6 F) , 

then (x, y, z) i-^ AT(x, y, z) is a trilinear form on F x F x F 
From the (easily checked) identity 

N{x, y, z) = iV(x-fyH-z)— AZ'(y-l-z)— iV(x-i-z)— iV(x-l-y) 

-hN(x) + iV(y) + Ar(z) 

one concludes that the trilinear form is symmetric in its three variables. 
We have 

N (x, x,y) = 2N (x, y), N{x,x) = 3N (x), N (x, x, x) = 6iV (x) . 

Define a symmetric bilinear form cr on F x F by 

(1) (T (x, y) = N{e, x) N {e, y)-N (e, x, y) , 

by 1.18 this is the standard symmetric bilinear form a, defined in 1.11. 

The numerator n of j is now a quadratic map F^ F We define a 
symmetric bilinear map (x, y) i-> x x y of F x F into F by 

X X y = n(x + y) — n(x) — n(y). 

By (J l)(ii) we have 

(2) n{e) = e, N{e)=l. 

It follows from (J l)(i) and 1.8 that 

(3) n{nx) = N{x) X (xeF). 

Moreover it follows from the definition of N and a (see 1.11) that 

(4) N (x, y) = (7{n x, y) (x, y g F) . 

5.3 Lemma. Assume that the polynomial function N is reducible. Then 9^ 
contains an ideal of codimension 1, hence 9 is not simple. 

If N is reducible then one of its irreducible factors must be a linear func- 
tion /. It follows from 1.12 that we have l{j x) = l{x)~^ if x is invertible. 
The definition of an ideal then shows that Ker/ is an ideal of co- 
dimension 1. 
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Let F be a finite dimensional vector space, let eeV. Suppose that 
iV is a nondegenerate cubic form on V and n a quadratic map V^V. 
Define a rational map j: V-^V by 

jx = N{x)-^ - nix) (xeV). 

We shall give conditions for {V, j, e) to be a J-structure. We introduce the 
notations of 5.2. 

5.4 Lemma. Assume that (2), (3) and (4) hold. Let aeV. 

(i) We have a{a, F) = 0 if and only if N{V, a) = 0; 

(ii) //char(K)=#2, 3 then g is nondegenerate; 

(iii) //char {K) = 2 then a{a, F) = 0 implies N (a) = 0, if moreover N{a, F) = 0 
then a = 0; 

(iv) If char(iC) = 3 then a{a,V) = 0 implies N{a,V) = 0, if moreover 
N{a) = 0 then a = 0. 

(1) follows from (3) and (4). Assume that a {a, V) = 0. From (4) we infer that 

(5) N(x, y, z) = a{xx y, z) = o{yx z, x) 

whence N{x,y,a) = 0 for all x,yeV. In particular we have 2N{a,x)= 
N{x,x,a) = 0, also 3 N (a) = N {a, a) = 0. If char (X) 4= 2, 3 this shows that 
N{a, F) = 0, N{a) = 0. Hence N{x-\-a) = N{x) for all xeV so that a = 0 by 
the nondegeneracy of N. This establishes (ii). The proof of (iii) and (iv) 
is similar. 

The following theorem is the main result of this section. 

5.5 Theorem. Assume that (2), (3) and (4) hold and that N is irreducible. 
Then = {VJ,e) is a J-structure. 

We have to prove the axioms (J 1), (J 2), (J 3), under the assumptions of 
5.5. Applying n to both sides of (3) and using (3) with n x instead of x, 
we find that 

N{nx) = N(xf (xgF), 

whence 

N{jx) = N{x)-^ (if iV(x) + 0). 

(2) then implies (J l)(i). That (J 2)(ii) holds follows also from (2). 

From (4) we obtain (if N(x) + 0) 

N(jx,y)=N{x)-^ cix,y), Niy,jx)=N{x)-^ a{nx,ny), 

whence 

N (x) N (j x + y) = 1 g{x, y)-\- G{n x,n y)A N (x) N (y) . 

It follows that if N{x)N{y)=^0 we have 

(6) Nix)Nijx + y)=N(y)N{x+jy). 
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Let N{x) + 0, then j is regular in x. As in § 1, (16) define a linear trans- 
formation P{x) of V by 

P (x) = - {dj)~ ‘ = - (dj)j^ . 

Using the definition of j one finds that 

-(dj)Ay) = N{x)-^ N{x, y) nx-N{x)-^ xxy. 

Replacing x by 7 x and using (3) and (4) one then finds 

(7) P(x) y = a{x, y) x — nxx y. 

It follows that P is, in fact, a quadratic map End(F), as in §3. 

Let X be an indeterminate over K. For x and y in a suitable open 
subset of V we then have a formal power series for j{x-\-yX), which has 
the form 

7(x-hyX)=7x-P(x)"^yX + ***. 

Using (6) we obtain that 

-N{x + yX) N{j{x + yX) -j x) N{x) = N(y) X\ 

Comparing coefficients of X^ we see that 

N{x)^N{P{x)-^y) = N(y). 

Replacing x by 7‘x this gives 

(8) N{P{x)y) = N{xfN{y) 
for iV(x)=f=0, hence for all x, ye V, 

From the definition of P it follows that P(x)P(7'x)=id (if iV(x)4=0), 
in particular we have P(^)^ = id. We next show that P(^) = id. From (1), 
(4) and (5) we find that 

a(x, y) = (j(x, e) a{y, e) - a(e x x, y) . 

Using (7) this gives 

(9) cr(P(e) X, y) = ct ( x , y) (x, ye V) . 

5.4 (ii) shows that P(e) = id if char(X) + 2, 3. 

To deal with the remaining cases we use the other statements of 5.4. 
If char(K)=2 we have to show, by (iii), that iV(P(c) x — x, y)=0. Now 

N(P(e) x-x,y)= N{P{e) x, y) + N(x, y) - N{P{e) x, x, 3;) . 

Using (8) and (4) one sees that 

N{P{e) X, y)=N{x, P{e) y)=N(x, y). 
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Similarly, N{P(e)x,x,y) = N{x,x,y). It follows that 

N{P(e) x — x, y) = 2N{x, y) — N{x, x, y) = 0. 

This establishes that P(e) = id if char(X) = 2. If char(X)=3 the proof is 
analogous. 

We can now establish axiom (J2). (6) with y=e gives 
N(x) N{e-\-jx) = N{e-yx) {N{x) + 0) . 

It follows that in order to prove (J 2) we have to establish that 

n(^ + x)-fiV(x) n{e+j x) = N{e + x) e (if iV(x)4=0), 

which is a direct consequence of (3), (4) and P(^) = id. 

It remains to prove (J 3). Let G be the structure group of j. We shall 
establish that P{x)eG{N{x) + 0). This follows from the following auxiliary 
result. 

5.6 Lemma. If x, yeV then P(x) n(P(x) y) = N{xf n y. 

This is proved by a formal computation. It follows from (3), replacing x 
by x-yty (teK), and comparing coefficients of and on both sides of 
the resulting formula, that 

(10) nxxny + n{xx y) = N{x, y) y-yN{y,x)x, 

(11) n X X {x X y) = N {x) y + N {x, y) X . 

The first formula gives, using (3) and (4), that 

n{nxx y) = —N{x){x xny)-yN{x) (j(x, y) y-\-(r{nx,ny)nx. 
Similarly, the second one implies that 

iV(x)(x X (n X X y)) = N (x)^ y + N(x) a{x, y)nx, 

whence 

(12) xx{nxx y) = N{x) y + a{x, y)nx, 

if N(x)=t=0, hence also for all xeV. 

By (7) we have 

n (P(x) y) = (T{x,y)^ nx-\-n(nxx y) — cr(x, y) (x x (n x x y)) . 

Using the previous formulas we obtain 

n (P(x) y) = —N{x){xxny)-\-a{nx,ny)nx = P{n x)ny. 

Since P(/x) = P(x)“^(iV(x)4=0) the equality of the two extreme terms is 
equivalent to the formula of the lemma. 
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It follows from 5.6 that 



P(x)j(P{x) y)=j y 

which shows that P{x)gG if N{x)+0. 

Put x^ = P{x)e (xeV), In order to establish (J3) it now suffices to 
prove: 

the morphism f:x\-^x^ofV into V has a dense image. 

Put P(x, y) = P{x + };) - P{x) — P{y). From (7) one obtains that 

P{x, y)z = (7(x, z)y-\-a{y, z)x — (xxy)xz. 

Using (1) and P{e) = id one then sees that 
(13) P{x,e)y = P{x,y)e, 

whence 

P{x,e)e = 2x {xeV). 

But P(x, e) = {dfX(x). Hence (df)^ is multiplication by 2. So, if char(X) + 2, 
we have that {df\ is surjective. It then follows that f(V) is dense in V 
(see [1, 17.3, p.75]). 

If char(X) = 2 we have to give a more complicated argument. We 
first derive some properties of P (which have to hold in a J-structure). 
From axiom (J 2), which has already been established, we conclude that 



{dj)e + * + {d])e +jx° (dj)x = 0 

(for X in a suitable open subset of V), whence 

P(x) P{e +jx) = P{e + x) (iV(x) + 0) 

and 

P{x)P{eJx) = P{e,x). 

Differentiating again we deduce 

P(x, 3 ;) P(eJ X) - P{x) P(e, P(x)- ‘ y)= P(e, y) (N(x) + 0) . 

From now on assume that char(X) = 2. Replacing yhy e and x by;x 
it follows that 

P{e, x^) = P{x)P{eJ x)P{e, x) (if iV(x)=t=0). 

Using (13) we obtain 

P(e, x^) X = P(x) P{eJ x) P{e, x) x = 2 P(x) P{eJ x) P(x) e = 0 

if AT (x) 4=0, hence P{e, x^) x=0 for all xeV. 

By (13) it also follows that 

P{e, x)e — P{e, x^) e = P(x, x^) ^ = 0 , 
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consequently we have for a,b,ceK,xeV 

{ae-\- bx-\-cx^)^ = P{ae + b x-\-cx^)e = a^ e-^b^ x^ -\-c^{x^)^. 



By (7) 
whence 
Now by (7) 



x^ = nx-\-(7{x,e) x + (r(e, nx)e, 

(x^f = (n x)^ + a (x, ef + a {e, nx)^ e. 

{n x)^ = P{n x)e = a{nx,e)nx — N{x){xxe). 



Expressing everything in terms of e, x and x^ we find that there exist 
polynomial functions a and P such that 



{ae-\-bx-\-c x^)^ 

= (a^-\-oi{x) c^)e-\-{N{x)-^a{n x, e) (t(x, e)) x-h(fc^ + jS(x) c^) x^. 



It follows that if iV(x)=|=(7(nx, C7(x, e) there exists a,b,ceK such 



that 



x = {ae-{-bx-\-cx^)^. 



By assumption N is irreducible, so the set of xgK such that iV(x)=|= 
cr{nx,e)(T(x,e) is a nonempty open subset of V. This proves that /(F) 
contains a dense open subset of K if char (^) = 2. This concludes the proof 
of 5.5. 

5.7 Corollary. Under the assumptions of 5.5 the set of squares of elements 
of V is dense in V. 

This was established in the course of the proof of 5.5. 

5.8 Corollary. Assume moreover that o is nondegenerate. Then the inner 
structure group and the identity component G° of the structure group act 
irreducibly in V. 

Since a is the standard symmetric bilinear form of 5.8 follows from 3.7. 



5.9 Remark. The assumption that N be irreducible has been used in the 
proof of 5.5 only in the characteristic 2 case. It would not be difficult to 
deal with the case that N is reducible. 



5.10 Exceptional J-structures. We next discuss an application of 5.5, 
namely the construction of exceptional J-structures. The method used 
in the adaptation of the construction of exceptional Jordan algebras 
by Tits. 
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Let AhQ3. central simple associative algebra over K of degree 3, with 
identity element 1 (see 0.17). Hence A is isomorphic to the algebra M 3 of 
3x3 matrices. Let v and t denote the reduced norm and reduced trace 
of A, respectively. There exists a quadratic map adj of A into itself such 
that for invertible a 6 ^ we have 

a~^ = v{a)~^ • adj a 

(see 2.5). 

Put V = A@A@A, ^ = (l,0,0)eK Fix oleK*. We define a cubic 
form AT on K a quadratic map n: V and a symmetric bilinear form a 

on L X L as follows. Let x = {xq, x^, X 2 ), y=(yo» >^2) be elements of V. 
Then 

(14) N(x) = v(xi)H-av(xi) + a“^ v(x 2 ) — t(xo Xj X 2 ), 

(15) n{x) = (adj Xi — x^ X 2 , a“ ^ adj X 2 — Xq x^ , a adj x^ — X 2 Xq), 

(16) (t(x, y)=T (xo yo + ^2 + ^2 ^i) • 

Define a rational map j: V^Vhy 

jx = N(x)~^ • n(x) (if N(x)=|=0). 

We claim that (VJ,e) is a ^-structure. In order to establish this, it 
suffices by 5.5 to show that: 

(a) N is irreducible, 

(b) the formulas (1), (2), (3) and (4) hold. 

We know that v is a irreducible polynomial function on A (see 2.5). 
Since v can be identified with the restriction of N to the subspace {A, 0, 0) 
of K it follows that N is irreducible. Also, (2) is trivially verified. So to 
prove that (K e) is a J-structure it remains to be shown that formulas (1), 
(3) and (4) are verified. This we shall do now. 

5 . 11 . For a,b,ceA define v(a, b) and v(a, fc, c) as in 5.2. It follows from 

1.11, 1.18 and 2.5 that 

(17) v{la) = T{a), 

(18) v(l, a, b) = Ta-Tb — T{ab). 

The definition (14) of N then shows that we have 

N{x,y) = idNUy)={d^m^) 

= V (xo , yo) + V (Xi , yi ) + V (X 2 , y 2 ) ~ (^o ^ 2 ) 

-t(xo yi X 2 )-t(xo Xi y 2 ), 



(19) 
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whence 

{dN)^{x) = v{l xo), 

{ d ^ N)^(x) = v(xo,1)-t(Xi X2), 

{d^ N)^ (x, >^) = V (xo , Jo » 1 ) - (^1 yi) - ^ (^1 X2 ) . 

It follows that 

N(e, x)N(e,y)-N(e, x,y) 

= V (1, Xo) V (1, yo) -v(l,Xo,yo) + r (x^ >^2 + ^2 ^i) • 

By (16), (17) and (18) the right-hand side equals ct(x, y). This shows that (1) 
holds. 

(4) follows from (19) and the definitions (15) and (16) of n and a, 
bearing in mind that 

v{a, fc) = T (adj a • b) (a, be A), 

which is obvious in the matrix algebra M 3 . 



5 . 12 . It finally remains to prove (3). This can be done by a straightforward 
calculation, to be found in [23, p. 508]. A less computational proof is as 
follows. 

We assume A=M.^. Let be invertible elements of A with 

v(«i) = l- 

Define linear transformations g, g' of V by 

g(Xo, Xi, X2) = (flo Xo ^ «2 X 2 flo ‘). 

g'(xo, Xi, X2)=(ai Xo flo *, flo ^1 Oj ^2 «f‘)- 

g and g' are nonsingular. It follows from the definition of g and g' that 



( 20 ) 



iV(gx)=iV(g'x)=N(x) 

n{gx)=^g'n{x) 



(for the second formula observe that adj(a x f?) = fc“^ • adj x • if a 
and 6 are invertible elements of A with v{a) = v{b) = i). 

We now claim: there is an open subset U + 0 of V such that for 
x = (xo, Xi, X 2 )el/ there exists g with g x = {yQ, y^, y 2 ), where the are 
nonsingular diagonal matrices. 

Let U be the subset of the x = (xq, x^, X 2 )e V such that Xq x^ X 2 is a 
nonsingular matrix with three distinct eigenvalues. Clearly U is open 
and nonempty. If xeU, let aosA be such that v{ao) = l and that 
a^ Xq Xj X 2 ( 2 q Ms a diagonal matrix. Taking for ai and a 2 suitable scalar 
multiples of aQ Xq and agX^K the corresponding g will be as required. 
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Now (3) is easily checked if x=(xq, X 2 ) with diagonal x^. It then 
follows form (20) that this formula also holds if xeU. Since U is open 
and nonempty, it follows by continuity that (3) holds for all xe K 

5.13. We denote the J-structure introduced in 5.10 by and we 

call it an exceptional J-structure of the first kind. If A is defined over fcciX 
and if a ek* it follows readily from the definitions that S’^iA, a) is defined 
over k. 

5.14 Lemma. Let A be defined over kczK, let a, fek*. Assume that there 
exists ueA{k) such that j 8 = av(w). Then S"^(A,oc) and S^{A,fi) are k-iso- 
morphic. 

The underlying vectorspaces of Sj,{A,ol) and S"^{A,p) are the same, 
viz. y4 0 .4 © A. It is readily checked that the automorphism (xq , x^ , X 2 ) 1 -^ 
(xq, XiU,u~^ X 2 ) yields an isomorphism of S^siA, f) onto S^^iA, a). 

Put <^3 = ^3 (M 3 , 1). It follows from 5.14 that ^3 {A, a) is K-isomorphic 
to ^3 (but this need not to be so over kczK,if (A, a) is defined over k). 

It is obvious from (16) that the symmetric bilinear form a is non- 
degenerate. Hence by 5.8 the inner structure group of ^3 acts irreducibly. 

<^3 is a J-structure of degree 3. The dimension of its underlying vector 
space is 27. Observe that is not isomorphic to any of the J-structures 
, tP 2 , r 5 ^ 2 , r » ^ 2 , r > discussed in § 2. By degrees, such an isomorphism 
could only be with ^ 3 , ^ or J 2 / 3 , whose underlying vector spaces have 
dimensions different from 27 (namely 9 , 6 and 15). 

5.15 Exceptional J-structures of the second kind. Let B be an algebra 
with an involution of the second kind p which is simple over K (as an 
algebra with involution). This means that there is a simple algebra A 
over K and an involution i of A such that B=A(^A and that p( 6 fi, ^ 2 )= 

(ia2,iai). 

Assume that A is of degree 3, so that A is isomorphic to M 3 . Put 

= {xeB|px = x}, 

V = Bo®B, e = {l0). 

B consists of the elements {a, id) (aeA). 

Let again v and t denote reduced norm and reduced trace of A. Put 
L = K®K, this is the centre of B. We consider K as the subfield of 
p-invariant elements of L. Define p: B^L by p(«i, « 2 ) = (^(^iX ^(^ 2 ))- 
Since p(px) = px for xeBq, we have a polynomial map Bq-^K with 
Po(a, i a) = v{a). Let a be an invertible element of L, let ueB^he such that 
Po(w) = a*pa. Denote by t the linear map B-^L with t{a^,a 2 ) = 
{xa^,xa 2 \ let t^ be the linear map Bq^K with t{a,ia) = xa. 
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Let q, qo be the quadratic maps and Bq-^Bq, respectively, 

with 

^(ai,a2) = (adjai,adjfl2) 

qoia, a) = {adja, i{ad}a)). 

We now define the ingredients N, n and a for a J-structure by the 
following formulas (in which r = (xo,x) and w = (yo,y) are elements 
ofV = Bo®B). 

(21) N{v) = iLio (xo) + (x.fi{x) + pa- jn{pa)-t{xoXu(px)), 

(22) n(v) = {qQXo-xu{px), pcc • q{p x)u~^ -x^ x), 

(23) ( t ( v , w ) = to (xo yo) -\-to{xu(py)-\-yu{p x)) . 

Define the rational map j: V-^Vhy 



jx = N(x) ^ • n (x) {N{x) = 1 = 0) . 

We claim that {VJ, e) is a J-structure. To show this, let a = (aj, « 2 ), u = 
(mi, lUi). Define a linear isomorphism 4>: >Lby 

<^(Xo,Xi,X 2 ) = ((Xo, IXo), (Xi, l(t/f‘x 2 ))). 

If we express AT((/) x), «((/> x), (t(0 x, (/> y) in terms of Xq , x^ , X 2 , we get the 
formulas (14), (15), (16), with a replaced by a^. This establishes our claim. 

5 . 16 . We denote the J-structure defined in 5.6 by (^3 (B, p, w, a) and we 
call it an exceptional J-structure of the second kind. From what we 
established in 5.15 it is clear that this J-structure is isomorphic to ^ 3 . 
However, if we take into account fields of definition the construction 
of 5.15 becomes more interesting. 

Let / and k be subfields of K, such that / is separable quadratic 
extension of k. Let C be a central simple algebra of degree 3 over /, with 
an involution t of the second kind, whose field of invariants in the 
centre / is k. Put B = C®j,K, (7 = T 0 id. Let ae/*, ueC{k) such that 
TM = M, p(w) = a • id (where p denotes the restriction of the reduced norm 
of C). 

Then the J-structure S^{B, p,u,a) is defined over /c, as follows readily 
form (21) and (22). Such a J-structure is not necessarily fc-isomorphic 
to an exceptional J-structure of the first kind. 

Notes 

The treatment of J-structures of degree 3 given here is similar to that given by McCrimmon 
of exceptional Jordan algebras in [23] and [24]. 5.5 is a variant of [23, Theorem 1, p. 499]. 
The usefulness of results like 5.7 in characteristic 2 will appear in §7. 
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Tits’ construction of exceptional Jordan algebras is discussed in [14, p. 412-414], if 
char (K) 4= 2 and in [23] and [24]. We shall return to the construction in §15. 

It will be shown in the next sections that there is a close connection between J-structures 
and Jordan algebras. The exceptional J-structures are then related to the so-called excep- 
tional Jordan algebras. The usual way of introducing these algebras is by using hermitian 
3x3 matrices over an octave algebra (or Cayley algebra). This suggest another way of 
defining <^3 , taking V to be the space of these 3x3 matrices. We do not discuss the details 
of this alternative approach to <^3 here. The interested reader will have no difficulty in 
extracting the details from the literature on Jordan algebras. 

In particular, the formulas which are relevant for the definition can be found in [23, 
p. 501-502]. The proof that the conditions of 5.5 are verified can also be based on the 
results established there. The connection between the two approaches to <^3 is discussed 
in [14, p. 414-415]. This alternative approach to ^3 will not be used in the sequel. 
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In this section we shall show that if char (X) 4= 2, a J-structure is essentially 
the same thing as a Jordan algebra. We denote by ^ a finite dimensional 
commutative algebra with identity element e, A is not assumed to be 
associative. The linear transformation y x y of .4 is denoted by L(x). 

6.1 Lemma, (i) There exists a unique birational map i: A-^A such that 
ix x = e if i is regular in xeA ; 

(ii) i is homogeneous of degree — 1 and i^ = id, i is regular in e and ie = e; 
(hi) If A is defined over kczK then i is defined over k. 

The proof is similar to that of 2.1. L{x) is nonsingular for x in a nonempty 
open subset U of A, containing e. Defining ix = L{x)~^ • e{xeU) it is 
clear that i satisfies (i). 

The uniqueness follows from the fact that the requirement of (i) defines 
i on the open subset U of A. (ii) and (iii) are trivial (to prove i^ = id one 
needs the commutativity of A). 

We call the birational map i the inversion of A. We say that xeA is 
invertible if i is regular in x and we then write x~^ =ix. We call x~^ the 
inverse of x. 

6.2. We define the powers of an element xeA as in 3.10. Let X be an in- 
determinate over K. Then there is a formal power series 

00 

( 1 ) i{e-xX)= 

m = 0 

where xh^x"* is a rational map A A. From 

{e — xX)i{e — xX) = e 
we obtain that x^ = c, x^ =x and that 

(2) x"‘'^^=xx"‘ (m^O), 

from which one sees that xi-^x"” is a polynomial map of degree m. We 
call x"” the m-th power of x. (2) shows that our definition of powers is the 
usual one. 
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6.3 Jordan algebras. We recall that A is said to be a Jordan algebra if 
we have 

(3) x{x^ y) = x^{xy) {x,yeA). 

From (3) one finds, replacing xhy x A z and comparing linear terms in z 
in both sides of the resulting equality, 

2x{{xz)y)Az{x^ y) = 2 (x y){xz) + x^ {y z ) , 

whence 

L(x^ y)= —2L{x) L{y) L{x)a2 L{x y) L{x) + L(x^) L{y) (x, ye A). 

Putting y = x'"~^ {m^2) and using that x^ * x'”~^ =x'”‘^^ (which 
follows from (2) and (3)) this gives that 

L{x^^^)= -2L{x) L{x^-^) L{x)a2L{x^) L{x)AL{x^) L{x^-^). 

By induction one then proves that 

(4) L(x)L(x"')=:L(x'")L(x) 

We can now prove another characterization of Jordan algebras. 

6.4 Proposition. A is a Jordan algebra if and only if we have for all in- 
vertible xgA and all ye A that 

(5) x-Hxy) = x(x-i3/). 

Suppose that ^4 is a Jordan algebra. Let X be an indeterminate over K. 
Using (1) and (4) we obtain that the formal power series for {e-xX)- 
[i (e — xX) y) and i{e — x X) {{e — x X) y) are equal. 

It follows that we have 

(e — tx) {i (e — tx)y) = i{e — t x) {{e — tx)y), 

if X, y e ^ and teK such that e — tx is invertible. This implies (5) for x in a 
suitable nonempty open subset of A. By continuity it then follows that (5) 
holds for all invertible x. 

Conversely, assume that (5) holds. Replacing x by ^ — xX in (5) and 
using (1) we find the defining Jordan algebra identity x(x^ y) = x^(x y) by 
equating coefficients of X^ in both sides of the resulting equality. 

The next theorem is the main result of this section. 

6.5 Theorem. Assume that char(X)=|=2. 

(i) Let A be a Jordan algebra with inversion i and identity e. Then (A, i, e) 
is a J -structure ; 

(ii) Let {Vj\e) be a ^-structure. There exists a unique Jordan algebra 
structure on V with identity element e, whose inversion is j. 
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Proof of (i). We have to establish that the axioms (Jl), (J2) and (J3) of 
1.3 hold for (A,i,e). That (Jl) holds follows from 6.1 (which holds for 
any commutative algebra with identity). 

We next prove (J 2). It follows from (5), by induction on m, that 

( 6 ) = 

if is invertible. Let X be an indeterminate over K. It follows from (6) 
that we have the following identity of formal power series 

00 

(X-x-1) ^ x"'X”'=-X. 

m = 1 

By (1) this implies that 

(X-x-^){e-i{e-xX))= -X, 

from which we conclude that there is a nonempty subset U of A such that 
(e — i x)(e — i(e — x)) = —e, 

if xeU. This implies (J 2): the last formula is easily seen to be equivalent 
to §1, (3). 

It remains to prove (J3). If x 6^4 is invertible, let 
P{x)-^=-(di)^. 

From x x~^ = e we obtain by differentiation that 

x{di)^{y)+yx-^=0, 

whence 

(7) L(x-^)P(x) = L(x). 

From x“L x^=x (which is a particular case of (6)) we find by dif- 
ferentiation that 

x~^ ■2xy + {di)^{y)x^=y. 

Using (5) and (7) this implies that 

(8) P{x)y = 2x{xy)-x^ y. 

It follows that the rational map xh^F(x) of A into the space of endo- 
morphisms End (A) is a quadratic polynomial map. Put 

P{x,y) = (dPUy) (x^yeA). 

P(x, y) is a linear transformation of A, which by (8) is given by 

(9) P(x, y) z = 2 X (y z) + 2 y (x z) — 2 z (x y) (x, y,zeA). 
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(9) and (5) imply 

(10) P(x,y)y-‘ = 2x, 

if y is invertible. 

Differentiation of (7) gives that 

- (P(x) " 1 y) (P(x) z) + X “ ^ (P(x, y) z) = y z . 

Taking z = y~^ and using (10) we get 

if X and y are invertible. But this means that all P{x) (x invertible) are in 
the structure group of i. To establish (J 3) it now suffices to prove that the 
set of elements P{x)e (x invertible in A) contains a nonempty open 
subset of A. But by (8) we have P{x)e=x^. 2.9 now gives what we want 
(observe that the hypothesis char (X) 4=2 is needed here). This finishes 
the proof of (i). 

Proof of (ii). We use the notations of §3 for the J-structure (VJ, e). If we 
have an algebra structure on V such that jx = x~^ for all invertible 
elements (for the algebra structure) then comparing (1) with the defini- 
tion of powers in a J-structure, given in §3, (17), we see that the square 
of an element of the algebra must be the same as the square in the J-struc- 
ture. P now being as in §3, we have x^ = P{x)e. Replacing x by x-hy, 
it follows that the product of the algebra structure must be given by 

(11) 2xy = P(x,y)e. 

This already proves the uniqueness statement of (ii). To prove that (11) 
defines a Jordan algebra structure, it suffices by 6.4 to prove (5). Let j be 
regular in x. From §3, (8) and (10) it follows that 

P(x, jx)e = P(x, e)j X = 2 e, 

(11) then shows that 

X'jx = e. 

Consequently j is inversion of the algebra structure defined by (11). 
We have remarked in §3 (immediately after §3, (13)) that P{x,e) and 
P(j X, e) commute, hence 

P{j X, e) P(x, e)y = P(x, e) P{j x, c) y . 

By §3, (10) this is the same as (5). Hence (11) defines a Jordan algebra 
structure. 

6.6 Corollary. Let A be a Jordan algebra with inversion i. Then we have, 
if xe A is invertible, 

-{di)^'^y = 2x(xy)-x^y. 

This is formula (8), which was established in the course of the proof of (i). 
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6.7. Let A he a Jordan algebra (in characteristic =|= 2) with identity element e 
and inversion L We denote the J-structure (A, i, e) by /{A) and we call 
it the J-structure defined by the Jordan algebra A. If >1 is a commutative 
associative algebra then this J-structure is the same as that of 2.1. 

If A is an arbitrary associative algebra and if char (X) 4= 2 define a 
commutative multiplication x o y on >4 by 

2xoy = {xy + yx). 

Let A denote the resulting algebra. It is well-known (and easy to prove) 
that is a Jordan algebra. It then follows that the J-structure /(A) 
of 2.1 coincides with the J-structure J^{A'^) of 6.5 (i). 

It should be remarked that the correspondence between J-structures 
and Jordan algebras, given in 6.5, possesses the obvious functorial 
properties. 

6.8 Invariant bilinear forms of ^{A). Let ^ be a Jordan algebra. With the 
notations of 6.7 let B be an invariant bilinear form in VxV, with respect 
to /(A) (see 1.22). 

From §1, (19) and 1.16(v) we find that 

(12) B{P(x)y,z) = B{y,P{x)z), 

whence , , , 

B{P{x, e) y,z) = B {y, P{x, e) z) . 

By (11) this means that 

(13) B(xy,z) = B(y,xz). 

In particular, if a is the standard symmetric form of ^{A) and t the trace 

of (A) (see 1.11) then / x / x 

(j(x, y) = T(xy). 

Conversely, if (13) holds then (8) implies that (12) holds and it follows 
that B satisfies §1, (19) for all g in the inner structure group. 

6.9 The structure algebra of ^{A). In the situation of 6.7, let g and I) 
be the structure algebra and the derivation algebra of the J-structure 
/{A) (these Lie algebras were defined in §4). We shall give a more explicit 
description of g and 1). 

6.10 Proposition, (i) 1) consists of the linear transformations X of A such 
that 

(14) X{ab) = a{Xb)-\-{X a)b (a,beA); 

(ii) All L{a) (aeA) lie in g and g is the vector space direct sum of i) and 
L{A). 
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By 4.7 (i) it follows that X el) if and only if Xe=0 and 

P{a)X{a~^)= —Xa (a invertible), 

where P is the quadratic map of /{A). 

Let T be an indeterminate over K. Replacing a by ^ — a T in the last 
formula it follows from the resulting formula that Xel) if and only if 
Xe = 0 and 

(15) Xa^ = P{e,a)Xa^-^-P{a)Xa^-^ (n^2). 

In particular, 

Xa^ = P{e, a)Xa = 2a Xa, 

which implies (14). Conversely, (14) implies Xe = 0 and (15) (use (8)). 
This establishes (i). 

From (4) and (8) it follows that P{x) and L(x) commute. Then (7) 
implies that P{x) L{x~^) = L{x). Hence 

P{x){ax~^) = ax {aeA,x invertible) . 

By §4, (2) this shows that L{a)eQ. 

Let Xeg. Then it follows, using (i), that X — L{Xe)eh. Hence g = 
1) + L{A). That this is a direct sum is obvious. 

6.11. Let L{a, b) be as in §4. By §4, (4) and (9) we have 

L{a, b)x = 2a{b x) + 2{a b) x — 2 b{a x) . 

From this formula one infers, using 6.10(i) that the Lie algebra l)^ of inner 
derivations of ^{A) now consists of all sums of linear transformations 
of A of the form 

x\-^a{b x) — b(a x), 

which is the usual definition of inner derivations of a Jordan algebra, 
see [14, p. 35]. 

Notes 

The symmetrization of an associative multiplication, briefly mentioned in 6.7, was the 
procedure which led P. Jordan to the identity (3). A result of the same type as 6.4 was first 
proved by Koecher [16, Satz 1, p. 70]. The deduction of (J3), given in the proof of 6.5, is 
taken from [8, p. 66-69]. 6.10 is a familiar result, see [8, IX, 5.1, p. 289]. 
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In the main result of §6 (Theorem 6.5) we had to assume char (X) 4= 2. 
If one wishes to include the characteristic 2 case, Jordan algebras do not 
suffice. One then needs the quadratic Jordan algebras. We first recall the 
definition, in a form adapted to our point of view. 

7.1 Quadratic Jordan algebras. A quadratic Jordan algebra is a triple 
^ = {V,P,e\ where K is a finite dimensional vector space over X, P a 
quadratic map of V into the space End(K) of its endomorphisms and e a 
nonzero element of K such that the axioms to be stated below hold. 
Putting P(x,y) = P(x + y) — P{x) — P{y) we obtain a symmetric bilinear 
map P( , ) oiVxV into End(K). 

The axioms for a quadratic Jordan algebra are as follows: 

(QJl) P{e) = e,P(x,e)y = P{x,y)e\ 

(QJ2) P{P{x)y) = P(x)P{y)P{xy, 

(QJ3) P{x)P{y,z)x=P(P(x)y,x)z. 

1 is said to be defined over fe <=X if there exists a fc-structure on the vector 
space V such that P is defined over k and that eeV{k). 

Let 1 = {V,P, e) be a quadratic Jordan algebra. 

7.2 Lemma, (i) There exists a unique birational map i: V-^V such that 
P(x) ix = x if X is regular in xeV; 

(ii) i is homogeneous of degree —1 and = id, i is regular in e and ie = e; 

(iii) If JL is defined over k<^K then i is defined over k. 

This is again a result like 2.1 and 6.1. Let U be the set of xeV such that 
P(x) is invertible. U is open and nonempty. For xeU define i x = P(x)~ ^ • x. 
Then i is as required. We shall only prove that i^=id, which is the least 
trivial assertion of 7.2. By (QJ2) we have P(x) = P(x)P(ix)P(x), hence 
P(ix) = P(x)~^ (xeU). Then i^x = P(fx)~L /x = P(x)ix = x (xeU). 

We call the birational map i the inversion of J. xe K is called invertible 
if i is regular in x and ix is called its inverse. 

13 Lemma. Let x be invertible. Then 

(1) P(/x) = P(x)-^ 
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(2) P{x,y)ix = 2y iyeV), 

(3) i (P(x) };) = P{i x) iy if y is invertible . 

That (1) holds was already remarked above. To prove (2), put y = ix in 
(QJ 3). We then obtain 

P{x) P(i x,z)x = P{P{x) i x,x)z — P(x, x) z = 2 P(x) z , 

which implies (2). 

It follows from (QJ 2) that 

P{P{x) y) {P{i x) i y) = P(x) P{y) P(x) P(i x) iy = P(x) y , 
whence (3) by 7.2 (i). 

7.4. We next define the powers of an element xeK Let X be an indeter- 
minate over K. We then have a formal power series 

(4) i(e-xX)= £ 

m= 0 

where xi->x"' is a rational map V->V. 

7.5 Lemma, (i) xi-^x"* is a homogeneous polynomial map of degree m, 
we have x® = e, x^ = x ; 

(ii) The following relations hold for xeV, ij,m^0 

(5) P(x)x'" = x"'■^^ 

( 6 ) P{x\xj)x^ = 2x^-^j-^r 

The proof of this lemma is similar to that of 3.11 and is therefore omitted. 
In the proof the formulas (QJl), (QJ2) and (2) are used. 

x"* is defined for all xeF (by 7.5 (i)), it is called the m-th power of x. 
x^ = P{x)e is called the square of x. 

It might be expected that (V, /, e) is a J-structure ifl = {V,P,e)issi quadratic 
Jordan algebra. But this is not so. 

7.6 Example. Let char(K) = 2. Let Fbe a finite dimensional vector space 
and Q a quadratic form on V Let eeVhQ such that Q(e) = \. We use the 
notations of 2.15. Put 

(7) P(x)y = Qix,y)x-Q(x)y {x,yeV). 

It can then be verified that 2—{V,P, e) is a quadratic Jordan algebra. 
Putting (as in §2) 

jx = Q{x)~^x 
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it follows from 7.2 (i) and (7) that j is the inversion in As in §2 one 
sees that the structure group of j is the group G of all geGL{V) which 
leave Q invariant up to a nonzero scalar factor. 

Suppose now that (with the notation of 2.17) 2^ = 0, so that 2.17 does 
not apply to {VJ, e). In that case we have that Q^ = 0 for all x in the orbit 
Ge of e under the structure group G. It follows that if g^ = 0 but + ^ 
for some xeV, (Vj,e) is not a J-structure because axiom (J 3) of 1.3 does 
not hold. 

To obtain a connection between quadratic Jordan algebras and 
J-structures in characteristic 2, we shall have to make a restrictive 
assumption. 

7.7 Definition. Let char (X) = 2. Let be either a J-structure or a quadratic 

Jordan algebra, with underlying vector space V. j/ is said to be separable 
if the squaring map of V is dominant (i.e. if its image is dense in V). 

7.8 Examples. We assume char (K) = 2. 

(a) Let ^ be a finite dimensional commutative and associative algebra 
over K. The squaring map s: x i-> of ^ is now a semilinear map of K 
(with respect to the squaring isomorphism of K), hence s(A) is a subspace 
of v4. 5 is dominant if and only if s is surjective, which is the case if and 
only if Ker 5 = 0. But Ker 5 = 0 means that A is reduced, i.e. has no non- 
trivial nilpotent elements. It follows that the J-structure ^{A) of 2.1 is 
separable if and only if A is reduced. 

If moreover A is defined over kcK, then A is separable if and only if 
A{k)(S)kK is reduced. As is well-known, this means that A{k) is a direct 
sum of a finite number of separable field extensions of k. 

(b) The example (a) also shows that nonseparable J-structures exist, 
for example the J-structure /(KISJ), where KIS^ is the iC-algebra of 
dual numbers. 

(c) In the situation of (a), put P(x) y = x^y {x,ye A), e denoting the identity 
element of A, it is trivially verified that {A, P,e)is3, nonseparable quadratic 
Jordan algebra. 

We next discuss separability of the examples of §2 and §5. 

7.9 Proposition. Let char(K) = 2. The J-structures Jt^, 
and ^3 are separable. 

We discuss the individual cases. 

The underlying vector space of the J-structure is the space 
of r X r matrices. The square of a matrix X eM^ in the sense of J-structures 
is the usual square. Let U be the set of matrices whose eigenvalues are all 
distinct. 17 is a nonempty open subset of . 

If XeU, the subalgebra of generated by X is a direct sum 

of r copies of K. It follows that there exists 7 gK[X] such that Y^ = X. 
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Hence all elements of U are squares, which shows that is separable. 
6^^. The underlying vector space is the space c:M^ of symmetric matrices. 
Since ^ is a substructure of (see 2.10) the square of XeS^ is again 
the usual square. 

With the previous notations, 1/ n is open in (and nonempty). 
If XeUn3, and if 7 gX[Z] is such that Y^ = X, then clearly YeS,. 
It follows that all elements of (7 n are squares. Hence 6 ^^ is separable. 

The underlying vector space is the space A 2 r^^ 2 r alternating 
2rx2r matrices. Let SeA 2 r be as in 2.13. From the definition of s/^in§2 
one finds, using §3, (17), that the square in of XeA 2 r is given by 
s{X) = XSX. 

Let Uc:A 2 r be the subset consisting of the XeA 2 r such that the 
polynomial in the indeterminate T given by Pf(T5+X) (where Pf denotes 
the Pfaffian, see 2.12) has r distinct roots. U is clearly open. U is nonempty, 
since it contains the matrices X = (xij) with Xij = 0 if |i— 7I + I, = 

where the x^eK are all distinct and not equal to 1. 

Let XeU. It then follows from 2.12(i) that the characteristic poly- 
nomial of SX is the square of a polynomial of degree r, with r distinct 
roots. We claim that SX is a semisimple ( = diagonalizable) matrix. 
In order to show this, let V = K^\ let (^i)i^i^2r the canonical basis 
of V. Define the symmetric bilinear form ( , ) on F x F by 

( 2r 2r >, 2r 

i = l i = l / i = l 

rut 

F(x, y) = (x, 5 y) , G (x, y) = (x, X y ) . 

F and G are alternating bilinear forms on F x F F is nondegenerate 
(since S is nonsingular) and we have 

G(x, y) = F{x,SXy), 

Suppose that SX is not semisimple. Then there exist linearly inde- 
pendent x,ye V and aeK, such that 

SXx = ax, SX y = ay + x. 

Then 

0 = G (y, y) = F(y, SX y) = aF{y, y) + F(y, x) = F(x, y) . 

Also, if ze F ^ 4= ^ and (SX — bYz = 0, we have 

0 = F{{SX — bf z, x) = F (x, {SX — bf x) = (a — bf F(z, x) , 

whence F(z, x) = 0. Similarly F(z, y) = 0. 

But it now follows from what we remarked before about the charac- 
teristic polynomial of SX, that we have F(x, z) = 0 for all zeF This 
contradicts the nondegeneracy of F. Hence SX is semisimple. 
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It follows that there is a splitting V= ® into a sum of 2-dimensional 

i = l 

subspaces such that all F^ are stable for SX and that the restriction 
of SX to is a scalar multiplication, say by a^ . Define a linear transforma- 
tion y of Fby requiring that all F^ are stable for SY and that SY restricted 
to Vi is scalar multiplication by af. Then clearly (Sy)^ = <SZ, hence 
X=YSY Moreover YeA 2 r- 

It follows that all elements of U are squares, which establishes the 
separability of . 

6 ^ 2 . r (P 2 ,r- Lct {VJ, e) = & 2 ,r (r^sp. ^ 2 ,r)‘ F^om its definition (see 2.20) 
it follows that there exists a quadratic form Q on V, with associated 
symmetric bilinear form Q{ , X such that the squaring map s is given by 

sx = Q(x, e)x-Q{x)e. 

It is now easy to check that every xeV such that Q(x, e)=|=0 is the square 
of an element of the form x-\-ae {aeK). This proves separability. 

(^ 3 . In this case the separability is a consequence of 5.7. This completes 
the proof of 7.9. 

We now turn to the connection between J-structures and quadratic 
Jordan algebras. 

7.10 Theorem, (i) Let S^ = {VJ, e) be a J -structure. Let P be the quadratic 
map of Sf. Then (V,P,e) is a quadratic Jordan algebra; 

(ii) Let l = {V,P,e)bea quadratic Jordan algebra. If char {K) = 2, assume 1 
to be separable. Let i be the inversion of J. Then (F, i,e) is a J -structure. 

Proof of (i). By 3.4, P is a quadratic map F^ End(F). (QJ 1) follows from 
1.16(iv) and §3, (10). (QJ2) is §3, ( 6 ). To prove (QJ3), replace x by jx 
in §3, (9) and apply P(x) to both sides. Using (QJ 2) the formula of (QJ 3) 
then follows (observe that no separability is needed for this proof). 

Proof of (ii). We have to check the axioms (J 1), (J 2) and (J 3) of 1.3. (J 1) 
follows from 7.2. To prove (J 3) we observe that by (3) all P(x) with xeV 
invertible lie in the structure group of i. It then suffices to show that the 
squares x^ = P(x) e of invertible elements of F form a dense subset of F 
If char(J^) = 2, this follows from separability. If char (K) 4 = 2 we use 
that the differential of the squaring map s : x i-> x^ at ^ is given by {d s)^ (x) = 
P(x, e)e = P(c, c) X = 2 X (by (QJ 1)). Since (ds\ is surjective, s has a dense 
image by [1, 17.3, p. 75]. 

It remains to prove (J 2). Let X be an indeterminate over K. There 
exists a nonempty open subset 17 of F such that for xeU we have a 
formal power series 

i{eX-ix)=- £ 

m= 0 



( 8 ) 




§7. Relation with Quadratic Jordan Algebras 



77 



where (j)^ is a rational map V-^ V. We shall prove presently that (f)^{x)= 
Assuming this, it follows from (4) and (8) that 

i{e — xX)-\-i{e — i{xX)) = e, 

which implies (J 2). 

To prove = we use 7.2 (i) to obtain 

P{eX — ix) i(eX — ix) = eX — ix, 
which by inserting (8) gives 

P(ix)(/)o(x) = ix, 

P{i x) (x) - P{i X, e) 00 (x) = - e , 

P(i x) 0^ (x) - P{i X, e) 0^_ 1 (x) + 0^ _ 2 (Jc) = 0 (m ^ 2) . 

Using 1.2 and 7.3 we obtain from the first relation that 0q(x)=x. 
The second relation then gives 

P(x)~^ 0i(x) = P(ix, e)x — e. 

By (QJl) and (2), the right-hand side equals e. Hence 0i(x)=x^. 

From the third relation one obtains, using (1), that 

(Pm (^) = W - PM ^m- 2 M * 

Assume m^2, 0^_i(x) = x"*, 0;„_2(x) = x"*“^ It then follows from 
(QJ2), (5) and (6) that 0^(x) = x"*'^\ which establishes our claim, by 
induction on m. This finishes the proof of 7.10. 

7.11 Corollary. Let char(X)+2. 

(i) Let A be a finite dimensional Jordan algebra with identity element e. 
Put P{x)y= 2x{xy) —x^y {x,yeA). Then (A,P,e) is a quadratic Jordan 
algebra; 

(ii) Let (V,P,e) be a quadratic Jordan algebra. Define a product on V 
by xy=^P{x, y) e. Then V, equipped with this product, is a Jordan algebra 
with identity element e. 

(i) follows from 6.5 (i) and 7.10(i), taking into account 6.6. 

(ii) follows from 7.10(h) and 6.5(h), using §6, (11). 

7.12 Remark. It is not known to the author whether the separability 
of 1, assumed in 7.10(h) in the characteristic 2 case, is really necessary 
for the proof that {V, i, e) is a J-structure. 

We terminate this section with some special results. Let ^=={V,j,e) 
be a J-structure. We denote by G the structure group of 6^, by gi-^g' 
its standard automorphism and by P its quadratic map. Let H be the 
automorphism group of 5. 

7.13 Lemma. If char(X) = 2, assume Sf to be separable. Then there 
exists Xq in the orbit Ge such that: 
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(i) there are only finitely many xeV with x^ = xl, 

(ii) there are only finitely many xeV with P{x) = P{Xq), 

Under the assumption of the lemma, the squaring map s: x\-^x^ in V 
has a dense image (see the proof of part (ii) of 7.10). Standard results 
from algebraic geometry (see [1, p. 38-39]) now show that there is a 
nonempty open subset U of V such that for all xgU the fiber s“^(sx) 
is finite. Because Ge is open in Vhy (53), GenU is nonempty, whence (i). 
Since P(x) = P{Xq) implies x^ = Xq, (ii) follows immediately from (i). 

Let ifj be the subgroup of G consisting of the geG with g = g'. Since 
g g is an automorphism of the algebraic group G it follows that is a 
closed subgroup of G. Clearly 

7.14 Proposition. //char(K) = 2 let 9^ be separable. Then H is of finite 
index in . 

Put / is a morphism G-^G. The fibres of / are the cosets 

of if 1 , hence their dimension equals dim . On the other hand we have 
by 1.16 (i) that /(g) = P(g4 

It then follows from 4.6 and 7.13 that there exists go^G such that the 
fiber f~^{fgo) consists of finitely many cosets of g^ modulo if, so that 
the dimension of this fiber equals dim H. It follows that dim if = dim if^, 
which proves 7.14. 

7.15 A restricted Lie algebra in characteristic 2. Let char(K) = 2. Let 
^ = {V,P,e)hQSi quadratic Jordan algebra. We use the notions of 7.1. Put 

lx,y^ = P(x,y)e. 

x^ being as in 7.4, it then follows from (QJ 3) that we have 

from which one infers Jacobi’s identity 

[x O z]] + [y [z x]] + [z [x y]] = 0 . 

This means that V, equipped with this product, becomes a restricted 
Lie algebra, (see [26, p. 7]). We shall make use of this Lie algebra in the 
proof of 10.20(i). 

Notes 

Quadratic Jordan algebras were introduced by K. McCrimmon [21]. For a thorough 
discussion see [15]. The notion of separability in characteristic 2, introduced in 7.7, seems 
to be needed for our treatment of the connection between J-structures and quadratic 
Jordan algebras. 7.11 is due to McCrimmon [21, p. 1073]. 

In 10.34 we shall prove, as a complement to 7.13(h), that in a separable simple J-structure 
P(x) = id implies that x=±e. 
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8.1. Let 6^ = {VJ, e) be a J-structure with norm N. Fix an element aeV. 
Since the polynomial function th-^N(te — a) (teK) is nonzero, there 
exists a rational map j^: K—^V such that 

(1) jai^)=j{te-a), 

for t in a suitable open subset of K. 

We denote by and a numerator and a denominator of (see 

0.5), normalized such that has leading coefficient 1. Let /be the degree 

of and write / 

i = 0 

with aQ = l. We call the minimum polynomial of a. 

/-I / m ^ 

8.2 Lemma, (i) We have n^{t)= Yj ( Z 

m = 0 Vi = 0 / 

m 

(ii) Ifm is an integer then ^ a"*~* = 0; 

i = 0 

(iii) / is the smallest integer n such that there exist elements ... ,b„in K 

n 

with Z! <^"*"* = 0 for all m^n. 

i = l 



Let h be the degree of n^. Replacing in (1) t by t ^ we obtain from the 
homogeneity of j that the rational map 



of K into V is regular for t = 0, with value e. This implies that h — f—1. 

It then follows that , . , , 

t^{t^N^(t-^))j(e-ta) 



is a polynomial map of degree /—I. 

Let X be an indeterminate over K. Using the formal power series 
of §3, (17) for j{e — aX) we find that the power series 

(l+ f a,X‘) f a'Z' 

\ i = l / i = 0 
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is a polynomial of degree /—I, namely (i) and (ii) now 

readily follow. 

Let n and , . . . , be as in (iii). Then 

(l+ib,Z‘) ta‘X^ 

\ i = i / i = 0 

is a polynomial function, from which it follows that 

is a polynomial map. This implies n^f. Since n^f is trivially true, the 
assertion of (iii) follows. 

8.3 Proposition. There exists a nonempty open subset U of V such that for 
aeU the minimum polynomial of a is given by 

N,{t) = N{te-a). 

This is a consequence of 0.8. 

8.4 Example. Let ^ be a finite dimensional associative algebra with 
identity e. Let /(A) be the J-structure defined by A (see 2.1). Let aeA. 
From 6.2 we know that the usual powers of a are the same as the powers 
of a in the sense of J-structures. Let m^ be the minimum polynomial of a 
in the sense of associative algebras, i.e. the polynomial of minimal 
degree in one indeterminate with leading coefficient 1, such that m^(a)=0. 
It then follows from 8.2 (iii) that is also the minimum polynomial of a 
in the J-structure / {A), 

In this example it is obviously true that a relation 

tb,a‘=0 

i = 0 

with bQ, ...,b^eK implies 

i=0 

for all m^O. In the general case we have the following result. We use the 
previous notations. 

8.5 Lemma. Let b^, ...,b„be elements of K such that 

(2) tbia‘=0. 

i = 0 

Assume that one of the following conditions is verified: 

(a) char (X) 4= 2, 

(b) a is a square in 6^. 
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Then 

(3) = 0 

i=0 

for all m^O. 

In case (b) write a = By § 3, (18) and (19) it follows (using induction on i) 
that a' = b^\ In case (a), (3) follows from (2) by applying (|P(u, e))"* to 
both sides of (2), using § 3, (20). In case (b) apply P(h)'" to both sides of (2). 

8 . 6 . Let X be an indeterminate over K. We also write for the poly- 
/ 

nomial X ' in K [X]. Put 

let b be the canonical image of X in B, then B = K[b^. It follows from 
8.2(h) that there is a linear map cj) : B-^V such that (/>(h*) = a* (i^O). 
Let V^ = (l) (B) be the subspace of V spanned by the powers of a. 

8.7 Proposition. Assume that one of the conditions (a), (b) ofS.5 is verified. 
Then (j) is injective. If ceB is invertible, then <^(c) is invertible and 7 (0(c)) 
= 0(c“^). 

The injectivity of 0 follows from 8.5 and 8.2(iii). By 8 . 2 (i), 7 ^ is completely 
determined by the minimum polynomial N^. Applying this fact in ^ 
and /{B% using that a and b have the same minimum polynomial, we 
find that 

(4) j{te-a)=<t>{{tl-b)-^), 

for t in a nonempty open subset of K. 

If char(X) = 2, the assumption is that a is a square in ^ Using §3, (18) 
and § 3, (20), we see that then any element of is a square in 6^. Let ceB. 
Applying (4) with — 0 (c) instead of a, we get 

;(fe + (/»(c)) = (/>((t- l+c)-i), 

which implies the last assertion. 

8 . 8 . In the situation of 8.7, j induces a birational map of denoted 
^yj\K it follows that ^{ci) = {V^J\ V^,e)isa, J-structure, isomorphic 
to /{B), with B = K [X]/A^ K \_Xf We call (a) the substructure generated 
by a. It is defined only if char(iC)=}=2 or if a is a square. 

We say that aeV is semisimple if (i) a is a square in 5^, (ii) ^{a) is iso- 
morphic to a direct sum of copies of the 1 -dimensional J-structure /(K). 
The second requirement is equivalent to semisimplicity of the commutative 
associative algebra B. 
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The following result now gives a “Jordan decomposition” of elements 
of a J-structure. 

8.9 Proposition. Let aeV. There exist unique elements such that 

a = a^ + a„, that a^ is semisimple, a^ is nilpotent and such that a^ and a^ are 
linear combinations of the powers a' with i>0. // char (X) = p > 0 then a^ 
and a„ are also linear combinations of the powers with i^O. 

First assume that char(K)=|=2 or that a is a square. Then (a) is defined. 
Let B, (j) and b be as in 8.6. In the associative algebra B one has a de- 
composition b = b^ + b^ with similar properties. This follows, for example, 
by applying [1, Prop. 4.2, p. 143] to the linear transformation x\-^bx 
of B. Putting a^ = 4>{b^), a^ = (f){b^) all our requirements are verified. 

Next let char(K) = 2 and suppose a is not a square. We apply what 
we have already proved to x = a^, to get a decomposition x = + 

being semisimple, there exists a^ in the space spanned by the powers of 
Xj such that a^ = x^, moreover a^ is unique (since char(K) = 2). Because 
x^G 1^ we have that a^eV^. 

It then follows from §3, (20), that {a — aj^ = a^ — a^=x^. Since x„ is 
nilpotent, we also have that a^ = a — a^is nilpotent. This proves the exist- 
ence of the decomposition. The uniqueness follows from the uniqueness 
of a^, mentioned before. 

To establish the penultimate assertion it suffices to show that we can 
take a^ to be a linear combination of the x^ with i>0, which is easily 
done. The proof of the last point is also left to the reader. 

8.10 Corollary. Let char (K) = 2. Assume that 9^ is separable. Then the set 
of semisimple elements of V contains a nonempty open subset. 

Let x = x^ + x„ be the Jordan decomposition of xe K It is easily seen that 
there exists a 2-power a such that x“ = x", for all xg V. 8.10 then follows 
from the observation that if 9 is separable, the morphism xh^x" is 
dominant. 

Notes 

8.3 gives the connection of the norm with “generic minimum polynomials” For a discus- 
sion of these in Jordan algebras in characteristic not 2 see [14, Chapter VI]. A discussion 
of the situation of 8.6 and 8.7, from the point of view of quadratic Jordan algebras, is given in 
[15, p. 1.61-1.62]. 8.9 is an extension to J-structures of a familiar result in the theory of 
associative algebras. 
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Let ^ = {VJ,e) be a J-structure. We denote by U the set of invertible 
elements of V. 

9 . 1 . Recall that a subspace / of L is said to be an ideal of ^ if for all iel 

the rational map . , . 

x\-> 7(x + 0 —jx 

is a rational map of V in /, see 1.3. 

Let G° be the identity component of the structure group G of ^ The 
ideal / is called a characteristic ideal if it is a G°-stable subspace of V. 

If ^ is defined over the subfield k of K then the ideal / is said to be 
defined over k if it is a /c-subspace of V. 

9 . 2 . Let / =1= F be an ideal of 5^ Put V' = V/I, let (f) : V be the canonical 

linear map. Put e' = 0 

From the definition of the notion of ideal it follows that if xe 1/ we have 

(t>(j{y))=<i>(jix)), 

for all yG(x + /)n G. It follows that 

(1) / (</) (x)) = (/) {j{x}) (x e U) 

defines a rational map / ; V'-^ V\ From axiom (J 1) of §1 it follows that 
/ o / = id, so that / is in fact birational. It is trivial to check that / is homo- 
geneous of degree — 1 and that 5^' = (V\ /, e) satisfies axiom (J 2) of 1.3. 

It then follows that e =f=0. For if we had e' = 0, the formula of (J2) 
would imply /+/o/ = 0, which contradicts the homogeneity of /. 
We then see that satisfies axioms (J 1) and (J 2) of 1.3. 

Let xeU, put x' = (j) (x). Then / is regular in x'. It follows from (1) that 



(2) {dj\.o<f) = ^o{dj)^. 

Define a linear transformation P'(x') (x' £(/>([/)) of V by 

F{xT^ = -{djXK 




84 



§9. Ideals, the Radical 



From §1,(16) and (2) it follows that we have, P denoting the quadratic 
map of 

(3) F(x)o(l) = (j)oP(x). 

3.4 then shows that P' extends to a quadratic map P' of V' into its space 
of endomorphisms End(F'). 

9.3 Proposition. = P\ e') is a quadratic Jordan algebra. 

(K P, e) is quadratic Jordan algebra by 7.10(i). We have remarked in 9.2 
that e' + O. It then follows from (3) that the axioms of 7.1 for a quadratic 
Jordan algebra hold in 2! . 

9.4 Proposition. = (V\j\ e) is a ^-structure if one of the following 
conditions is satisfied: 

(a) char (X) =1=2; 

(b) char(X) = 2 and ^ is separable (7.7); 

(c) / is a characteristic ideal. 

We have seen in 9.2 that e +0 and that (J 1) and (J2) hold in So it 
remains to prove axiom (J 3) of 1.3. 

Let G' be the structure group of By 1.16(v) we know that P{x) 
(xelJ) is the structure group G of It then follows from (1) and (3) that 
P'(x') (xe(f)(U)) lies in G\ 

Now if (a) or (b) holds, it follows as in the proof of 7.10(h) that the set 
of squares of elements of U contains an open subset of V. It then follows 
that the set of elements F(x) e (x'e0(t/)) contains an open subset of V\ 
showing that G' e contains an open subset of V. This proves (J3) in 
cases (a) and (b). 

Now assume that (c) holds. Let geG°. The assumption (c) implies 
that g induces a linear transformation g' of V'. From (1) and the definition 
of structure groups (see 1.2) it follows that geG'. Moreover we have 
= g ^ • Since is a J-structure, Ge is open in V. By 1.13 it then 
follows that G° e is open in V, hence (f>(G° • e) is open in V'. But <f>(G° • e) 
is contained in G' • e , hence G' • e' is open in V\ This concludes the proof 
of 9.4. 

Remark. It is not known to the author whether is always a J-structure. 

9.5. With the previous notations we say that the quotient of ^ by the ideal 
I exists if 5^' is a J-structure. In that case we also write y"=^//. Notice 
that the quotient always exist if char(X)=|=2. 

We next give a characterization of ideals, using the quadratic map P. 

9.6 Proposition. Let I be a proper subspace of V. 

(i) / is an ideal of ^ if and only if 
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(a) P(V)Ic=:I,and 

(b) P{I) Vczl; 

(ii) (b) is a consequence of (a) if char (X) 4= 2. 

Let X be an indeterminate over K. If X is in the set U of invertible 
elements we have a formal power series 



00 

j{x+yX)= Y.^nix,y)X'' 



n= 0 



iyeV), 



where a„ is a rational map V x F— ► V which is polynomial in its second 
variable (see 0.9). Using 1.16(iii) and §3, (8) we find 



(4) 



Ooi^> y)=jx, 
ai(x,y)=-P(x)-^ y, 

P(x)a„(x,y)= -P{x,y)a„_i{x,y)-P(y)a„_ 2 {x,y) (n^2), 



ifx6U,yeV. 

We claim that / is an ideal if and only if we have a„(x, y)el for n^l, 
xeU, yel. For let (^j)i<i<a be a basis for V such that is one of I. 

a ~ ~ ~ 

Put a„(x, y)= Y, y) Froni the definition of an ideal one concludes 

i=0 

that I is an ideal if and only if y) = 0 for 1, h + 1 ^ xg U,yel, 

which establishes our claim. 

Now suppose that (a) and (b) hold. It then follows from (a) and the 
second formula (4) that ^^(x, y)eI(xeU, yel). From (a) and (b) one then 
obtains, using the last formula (4), that a 2 (x,y)el {xeU,yeI). It then 
follows by induction that a„{x,y)el for xeU, yel. Hence I is an 
ideal. 

Conversely, suppose that / is an ideal. Then afx, y)el for xeU, yel. 
By the second formula (4) this gives P(C/)"^/cz/. Since j{U) is dense in V, 
this implies (a), (b) is proved similarly, using the last formula (4) with 
n = 2. This proves (i). 

Next let char (K) 4= 2. By §3, (6) and § 3, (10) we have 

P{y)x^=P{x)-^P{P{x)y)e=^P{x)-^P{P{x)y,e)P{x)y, 

if xeU.T aking y g / in this formula, one sees that (a) implies that P{y)x^el 
for all XG (7 and yel. Since the set of squares of elements of U is dense 
in V (see the proof of 7.10(ii)), it follows that P{I) V a I . This proves (ii). 

9.7 Corollary. Let I be a proper subspace of V. 

(i) I is a characteristic ideal of 6^ if and only if 

(a) / is a G°-stable subspace of V and 

(b) J^cz/; 

(ii) (b) is a consequence of (a) if char (X) 4= 2. 
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If / is a characteristic ideal, then (a) is true by definition and (b) follows 
from 9.6(i)(b). Next assume that (a) and (b) hold. Since P{x)eG° for 
xeU (by 1.16(v)), it follows that (a) implies 9.6(i)(a). By 1.16(i) we have 

if geG,xeI P{x)(ge)=^{g')-\gxf, 



where geG°. 

From (a) and (b) it follows that the right-hand side lies in /. Hence 
P{I) (G° • e)el. From 1.13 we then conclude that P{I) Vel. Hence 9.6(i)(b) 
also holds, so that / is an ideal by 9.6 (i). It is then of course a characteristic 
ideal, (ii) is a consequence of 9.6(h). 



9.8. If char (X) =1=2 one can introduce in F a Jordan algebra structure 
with the properties of 6.5(h). Using what was established in §6, it easily 
follows from 9.6 that / is an ideal of 5/^ if and only if it is an ideal for the 
Jordan algebra structure. 

As in the theory of quadratic Jordan algebras we say that a proper 
subspace / of F is an inner ideal of y’ if P(/) Fc F and an outer ideal of 
S/" if P(F)/c:/ (see [15, 1.29]). The outer ideals of are the proper 
subspaces of F which are stable for the inner structure group (defined 
in 1.19). 

An ideal is then by 9.6 (i) a proper subspace of F which is both an 
inner and an outer ideal. By 9.6(h) the notions of ideal and outer ideal 
coincide if char (K) =1=2. This is not the case in characteristic 2, as the 
following example shows. 

9.9 Example. Let char(^)=2. Let be the J-structure of (2.10) with 
r>l. Its underlying vector space is the space of symmetric rxr 
matrices. From the definition of ^ it follows, using what was said in 2.2 
that the quadratic map of is given by 

P{X)Y=XYX (Z, TeS,), 

where the product is the usual matrix product. Now since char(Z)=2, 
the space of alternating rxr matrices is a subspace of and it is 
trivial to verify that P(S^)A^czA^. Hence A^ is an outer ideal in 
But is not an inner ideal: there exist alternating matrices whose square 
is not alternating. 

9.10 Radical elements, the radical. reF is called a radical element of ^ 
if for all g in the structure group G we have that gr is nilpotent. The set 
of all radical elements is called the radical of ^ is called a semisimple 
J-structure if 0 is the only radical element of 6^. The next result shows that 
semisimplicity is equivalent to nondegeneracy of the norm N of 6^ 
(see 0.15). 

9.11 Lemma. reV is a radical element if and only if 

(5) N{x-^r) = N{x) (xgF). 
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Let geG. By 1.5 there exists ceK* such that 

N(gx) = cN(x) (xeV), 

Putting X = ^ it follows that c = N(g e). Hence 

(6) N(ge-hr)==N(ge)N(e + g~y‘r). 

If r is a radical elements then g~^ • r is nilpotent for all geG. It follows 
from 3.15(iii) that N(e-hg~^ • r)=l, hence (5) holds for all xeGe. Since 
Ge is open in V, (5) follows. 

Conversely, if (5) holds it follows from (6) that AT(^ + gr) = l for all 
geG. Since all nonzero scalar multiplications are in G, we also have that 
N(e-\-tgr) = l (teK*, geG). By 3.15 (hi) we conclude that gr is nilpotent 
for all geG. 

The next result gives the main properties of the radical. We say that 
an ideal / of is a nil ideal if all its elements are nilpotent. 

9.12 Theorem. Let R be the radical of 9^. 

(i) R is a characteristic ideal of 9; 

(ii) R is the maximal nil ideal of 9. 

It follows from 9.11 that the sum of two radical elements of 9 is again a 
radical element. This implies that R is a subspace of K It is a proper 
subspace (for e^R). R is G-stable by the definition of radical elements. 
To prove that R is a characteristic ideal it suffices, by 9.7 (i), to prove that 
R^czR. By 9.7(h) this is so if char(K)=|=2. 

So assume now char(J<^) = 2, let reR. Assume that n^2, r^^eR. Since 
r is nilpotent, this is certainly true for large enough n. We shall prove that 
r^""~^eR. It then follows that r^eR, which will finish the proof of (i). 

By §3, (14) (with y = e) we have N{x^) = N{x)^ (xeV). Hence 

A(x + r^''~^)^ = iV((x + r^”~^)^) = Ar(x^ + r^” + P(x, r^”~')e), 

(using §3, (19)). Since it follows from 9.11 and §3, (10) that 

(7) N{x + ~^)^ = N (x^ + P (x, e) ~ . 

From §3, (22) we obtain 

P(x, e) r^”~^ = P(x, r) =P(x, r)P(r)^”~^“^ r 

(using §3, (19)). Since R is G-stable it is an outer ideal of 9. But then the 
last formula shows that P(x, e) (7) now shows that 

A(x + ~ y = iV(x^) = N{x)\ 

which implies that r^”~^GP (via 9.11), as we claimed. This proves (i). 

We come now to the proof of (ii). It follows from (i) that P is a nil 
ideal. Hence to prove (ii) it suffices to show that any nil ideal / is a sub- 
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space of R. Let rel. We then have 

N{x-\-r)^ = N{x^ -\-r^ r) e) = N {x^ + P {x, e) r) (xeV) 

(by §3, (10)). 

Suppose that x is invertible. Using §3, (14) we then can conclude that 
N (x-hr)^ = N (x^) N [e P {xy'^ • r^+P(x)“^ P{x, e) r). 

Since / is an ideal, we have by 9.6 (i) that 

P{x)'^ y-\-P{x)~^ P{x, e)rel. 

Since / is a nil ideal it follows from 3.15 (hi) that 

N{x + rf = N{x^) = N (x)^ (xeU). 

But then we have N {x-\-r) = eN{x){xeVX where e= ±1. Taking x = e it 
follows by 3.15(iii) that e = l. 9.11 now shows that reR. Hence Ic:R, 
which proves (ii). 

9.13 Corollary, (i) The quotient of ^ by its radical R exists; 

(ii) S/^jR is semisimple. 

By 9. 1 2 (i) we know that is a characteristic ideal, (i) is then a consequence 
of 9.4(c). 

Put y/R = = {V\f, e). Let (j) be the canonical homomorphism 

V'=V/R. We have j o<f) = (j)o f. The definition of powers (see 3.10) 
then shows that 0 (x") = <^ (x)” (xeV). It follows that if (^(x) is nilpotent 
some power of x lies in R. Since jR is a nil ideal by 9.12(h), it follows that 
X is nilpotent. 

Let geG (the structure group of 6^). Then g induces a linear trans- 
formation g' of V\ which lies in the structure group of Suppose now 
that (/>(x) is a radical element of S\ Then (^(gx) is nilpotent for all geG. 
By what we said before, this implies that gx is nilpotent (geG), so that 
X is a radical element. Hence 0(x) = O. This proves (ii). 

We terminate this section with some results on ideals which will be 
needed later. 

9.14 Proposition. Let I be an ideal in Sf. Let xel, suppose that x = x^ + x„ 
is the Jordan decomposition of x (see 8.9). Then x^, x„el. Moreover x^ is 
a linear combination of idempotent elements which are contained in I. 

It follows from 9.6 (i) and §3, (18) that all powers x* (/^ 1) are in /. The 
first assertion now follows from 8.9. We also see that the substructure 
y"(xj generated by x^ (see 8.8) is contained in /. The last point follows 
from the fact that 5^(xJ is isomorphic to a direct sum of copies of the 
1 -dimensional J-structure J^(K). 
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9.15 Corollary. If I is not a nil ideal then I contains an idempotent element 

+ 0 . 

9.16 Proposition. Suppose that e is the only nonzero idempotent element 
in V. Then the radical Rof ^ is a hyperplane in V. 

Let xeV, let x = + be its Jordan decomposition. The hypothesis 

implies that 6^{xJ = Ke. It then follows from 3.15(iii) that the polynomial 
function t N {t e — x) {te K) is sl power of a linear polynomial function, 
for all XG K From 0.13, using axiom (J 3) and 1.5 we see that this implies 
that AT is a power of a linear polynomial. The assertion now follows from 
9.11. 

9.17 Corollary. Let 6T be a semisimple J -structure such that e is the only 
nonzero idempotent in V. Then ^ is isomorphic to the 1-dimensional 
J -structure ^(K). 

Notes 

In the situation of 9.6, let ^ be the quadratic Jordan algebra defined by according to 
7.10(i). 9.6 then shows that I is an ideal in y if and only if it is an ideal in X in the sense of 
[15, 1.29]. 

Our method of introducing the radical of a J-structure is not a direct transcription of one 
of the current methods for the radical of a Jordan algebra or a quadratic Jordan algebra, 
given for example in [8, I, §7], [14, Chapter V], [15, p. 3.5]. However if char(X) + 2 our 
radical coincides with the radical of the Jordan algebra defined by 6^ according to 6.5. 
This follows from 9.12(ii), using the results of [14, Ch. V]. By the remarks made in [14, 
p. 434] it then also follows that our radical coincides with that of [8]. It is likely that if 
char(X) = 2 the radical introduced here coincides with the radical of the quadratic Jordan 
algebra 1 (introduced in [22], see also [15, p. 3.5]). 

9.16 is an analogue of a well-known result for Jordan algebras, see [14, Theorem 5, p. 198]. 
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In this section some properties of algebraic tori will be used, which can 
be found in [1]. 

10.1. ^ = e) denotes a J-structure. a is a fixed idempotent element 
in V (i.e. = a). P is the quadratic map of ^ G and denote the structure 

group and inner structure group of ^ respectively (see §1). Sometimes 
we shall assume that ^ is defined over a subfield k of K, In that case we 
denote by k an algebraic closure of fe, contained in K and by k^ the se- 
parable closure of k in k. We then denote (in conformity with the notation 
of [1, p. 48]) by V{k) the set of /c-rational points of V. 

By 3.14 we know that for all t,ueK* the elements ta + u{e — a)oiV 
are invertible. P denoting the quadratic map of it follows that 

0«(t, u) = P{ta + u{e-a)) 

defines a morphism (of algebraic varieties) of the 2-dimensional torus 
(CrlLi)^ into Gj. 

10.2 Lemma, (i) is a homomorphism of algebraic groups. If a^0,e 
the image of 0^ is a l-dimensional subtorus of G^, hence also of G; 

(ii) IfS is defined over k and if a e V{k), then and are defined over k 
and Sa is a k-split subtorus of G^. 

According to 3.14 we have 

j{ta + u{e — a)) = t~^ a-{-u~^{e — a) {t, ueK*), 

whence by differentiation 

idj)ta+uie-a){ti fl+Mi(e-a))= u^{e-a). 

By §1, (16) it follows that 

(1) P{ta-hu(e-a)){tia + ufe — a)) = t^ f a + u^ ufe — a). 

By continuity this holds for all t, m, ti, u^eK. From § 3, (13) we see that 
all (/>a(t, u) {t, ueK*) commute. 
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We then have by §3, (6) and (1) 

tl , Ml) = m) 4>a{h . Ml) 4>a(U «) = <t>aiU uf ^aih , Mj) . 

Taking ti = Ui = l it follows that M^) = <^a(t, m)^. Hence 

ti,U^ Mi) = </)„(t^ M^)<^„(ti, Ml), 

which implies that is a homomorphism. 

Next let a^0,e. Clearly dim0a((([jILi)^)^2. Since t) is scalar 
multiplication by it follows that dimS^^l. To prove dimSa = 2, it 
therefore suffices to show that does not consist of scalar multiplications 
only. Suppose the contrary. Since P{t a + u{e — a)) is a scalar multiplica- 
tion for all t,ueK*, it must also be so for t = l, u = 0. Hence P(a) is a 
scalar multiplication. But by §3, (19) we know that P{a) is idempotent, 
hence P(a) = id or P(a) = 0. Since P{a) = a, this violates the assumption 
that a + 0,e. This proves (i). 

If ^ is defined over kczK, then P is defined over k, from which the 
assertions of (ii) immediately follow (for the notion of fc-split torus see 
[1, p. 200 and p. 205]). 

Define subspaces and VJ of V by 

V„ = {xeV\(l)„{t,u)x = t^ x}, 

VJ = {xeV\(j)^{t, u)x = tux}. 



Since e — a is also idempotent (by 3.14, for example) the space 
is defined and 



= {xeF| (/)„((, m)x = m^ x}. 






a 



We have = 



10.3 Proposition, (i) V is the direct sum of the subspaces V„,VJ ,Vg_^; 

(ii) K = P{a)V, (P(a,e)-2)K={Pia,e)-l)V:=P{a,e)K_„ = {P{a)-l)K 
= 0 ; 



(iii) P{K) K=PiK) K_„^P(K, K) K_,=o and P(f„, 

P(K, Vf) v„ c k;, p(k, K) k ^ K, P(vj v„ <= K, p(vj 

(iv) If ^ is defined over k and ae V{k), then the sub spaces I^-a 

defined over k. 



(j)a defines a rational representation of ((GILi)^ in V. Let c be a character of 
(fljILi)^ (in the sense of [1, p. 164]). The weight space corresponding to c 
of [loc. cit., p. 166] is then the space of all xe L such that 



f P{a) x-^tu P{a, e — a)x-\-u^ P(e — a)x = c{t, u) x. 



The linear independence of characters (see [1, 8.1, p. 199]) implies that 
we must havec(t, w) = t^, tu or u^, (i) then follows from the complete 




92 



§ 10. Peirce Decomposition Defined by an Idempotent Element 



reducibility theorem for rational representations of an algebraic torus 
(see [loc. cit., p. 204]). 

It also follows that if xeY^ we have 

P{a)x = a, P(a, e — a)x = P{e — a)x = 0, 

and that ii xeVa we have 

P{a, e — d)x — x, P{a) x = P{e — a) x = 0. 

Hence P{a)V=P(a)(K+VJ + K_J = P{a)V, = V,. Also, (P(a, e)-2) F„= 
P{a,e'-o)Va = 0. From the second set of formulas it follows that 
{P{a, e) — l) VJ = 0. Also P{a, e) = ^)“2) = This estab- 

lishes (ii). 

By §3, (6) we have 

m) Pix)y = P{4>a(t, M) x) 4>a{t, u)~^y. 

If X, ye Va, this implies that 

P{x)y = t^ P(x)y, 

hence The other statements of (iii) are established in a 

similar manner. Finally, (iv) follows from 10.2(h) and [1, p. 200]. 

The decomposition F= I^-h 1^' + is called the Peirce decom- 
position of V defined by the idempotent a. 

10.4 Examples. (1) Let .4 be a finite dimensional associative algebra with 
identity e, let /{A) be the corresponding J-structure (see 2.1). Let a + 0,e 
be an idempotent element of A. It is also an idempotent in /{A). 
Since we now have P{x) y = xyx (see 2.2), it follows that Aa = aAa. It is 
easily seen that Aa = aA{e — d)-\-{e — a)Aa. 

(2) Let F be a finite dimensional vector space, let g be a quadratic form 
on V and let ce F be such that Q (^) = 1. With the notation of 2.17, suppose 
that Qe + 0. Let ^ be the J-structure of 2.17. Let a + 0, ^ be an idempotent. 
It follows from §2, (13) that we have g(a)=0, Q{a,e) = l. Moreover, 
p(^a) x = Q{a, x) a. A simple computation shows that 

K = Ka, K_, = K{e-a), v: = {xeV\Q{e,x) = Q(a,x) = 0}. 

10.5 Proposition. Let a=f=0,e be an idempotent. There exists a unique 
birational transformation of Va with the following properties. 

(i) If xe Va, ye are such that x+y is invertible, then is regular in x 
and 



( 2 ) 



jaix)=Pia)j{x+y), 
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We then have 

(3) jix + y)=ja{x)+je-aiy)> 

(ii) = {VaJa, a) satisfies the axioms (Jl), (J2) of 1.3; 

(iii) If ^ is defined over kciK and ae V{k\ then is defined over k. 

Let N be the norm of if. The set U of the xeV^ such that there exists 
yeVe^a with x-\-y invertible is the complement of the closed set con- 
sisting of the xeVa with N{x-\-y)=0 for all Hence U is open. 

U is nonempty because aeU. The uniqueness of satisfying (2) is then 
clear. 

Let X and y be as in (i) and put 

j{x-yy) = v + v'-\-w {veV^, v'eVf weV^_J. 

From the definition of 1^ and VJ it follows, using 1.16(v) and 10.3 that 

(4) j{t~^ x + u~^ y) = f v + tuv' + w (t,ueK*). 

{t,u)\-^j{t~^ x-\-u~^ y) defines a rational map KxK-^V, whose denom- 
inator and numerator only involve powers But it then follows 

that the right-hand side of (4) can only involve even powers of t and w, 
so that we must have v' = 0. 

Define a rational map ^ of V^xVe_^ into by 

\l/{x, y) = P{a)j{x + y), 

for x+y invertible. From (4) it then follows that 
il/{x,y) = il/{x,ty) (teK*). 

But this implies that i/^(x, y) is independent of y. This proves the existence 
of a rational map satisfying (2). 

Since 

j{x + y) = P(a)j(x + y) + P{e - a)j{x + y), 

if X and y are as in (i), it also follows that (3) holds. The axioms (J 1) and 
(J 2) for if imply that ^ satisfies these axioms, too. Hence (ii) holds. In 
particular, is birational. The proof of (i) is now also complete. The last 
point is clear from (2). 

10.6 Corollary. We have P(K„ K = P{K, K-J K-a = 0. 

It follows from (3) by differentiation, using §1, (16), that 
- P{x + y)~\v + w) = idj„)^{v) + 

if X and y are as in 10.5(i) and if ve we Ve_^. Using 10.3(iii) this implies 
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that 

(5) P{x)idjXiv) + P{x,y)idj^-a)y{w)= ~V. 

Taking p=0 in (5) we get 

P{x, y)idje-a)y{w) = 0, 

from which it follows that P{x,y)w = 0 for x and y in suitable nonempty 
open subsets offhand P^_a,andforallwGl^_^.ThisimpliesP(P^, 

= 0. Replacing a by a we obtain P(l^, 1^-J f^ = 0. 

10.7 Corollary, (i) There exists a quadratic map ij: F^^End(FJ such 

that P^{x)= -{djX^ if j a regular in xeV^; 

(ii) We have P(x)y = Pa(x)y {x,yeVJ; 

(hi) If ja is regular in xeVa, we have Paix)oj^=j^oPX)~^, in particular it 
follows that then ij(x) lies in the structure group of ja\ 

(iv) (Va, Pa, a) is a quadratic Jordan algebra; if char(K)=|=2 we have that 
^a = (KJa^ti) is a J -structure. 

Putting Paix)y = P(x)y {x,yeVa), it follows from 10.3 (hi) that Pa is sl 
quadratic map of Va into End(l^). 

(5), with w = 0, shows that ^ has the property asserted in (i). This 
establishes (i) and (ii). The property of (iii) now follows from the cor- 
responding one of P (see 1.16(v)). 

7.10(i) implies that (Va, Pa, a) is a. quadratic Jordan algebra, using (ii). 
The last assertion of (iv) is then a consequence of 7.10(ii), taking into 
account that ja is the inversion of the quadratic Jordan algebra (Va, Pa, a) 
(which follows from (ii)). 

We next discuss a particular case in which ^ is always a J-structure. 

10.8 Proposition. Suppose a=\=0,e is an idempotent such that VJ = 0. Then 
and V^^a tire characteristic ideals of 6^. ^ and a tire I -structures and 6^ 
is the direct sum 

From 9.6 (i), 10.3 (i) and 10.6 it follows that Va is an ideal. To prove that 
it is a characteristic ideal we have to show that it is G°-stable (see 9.1). 
Let geG°, let g' be the image of g under the standard automorphism 
of G. If XG ye are such that x+y is invertible, we then have as a 
consequence of (2) 

(6) jaiP{d) g' ■ X + tP(a) g' • y) = P{a){g(Ja ^) + g(Je-a y)), 

for all teK*. 

There is a nonempty open subset U of G°, containing the neutral 
element, such that x\-^P(a)g'x is a nonsingular linear transformation 
of 1^ if gG G. Then the left-hand side of (6), considered as a function of t. 
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is regular for t = 0. This implies that we must have P{a)g{je-ay)=A 
which shows that g for ge U. It follows that is G°-stable. 

The same is true for 1^. 

It now follows from 1.13 that the orbit G° • a is open in Since the 
restrictions to of the transformations of G° lie in the structure group 
of ja (as follows from (2)), we conclude that <9^ satisfies axiom (J 3). 10.5(h) 
now implies that is a J-structure. The same is true for It follows 
from (3) that = (see 1.25). 

If a has the property 1^' = 0 of 10.8 we say that a is a central idempotent. 
The following proposition gives a rationality result on central idem- 
potents. 

10.9 Proposition. Suppose that Sf is defined over k. Let ae V{k) be a central 
idempotent. Then ae F(/cJ. 

Let / and m be subfields of K with kc^lczm. Let D be an /-derivation of m. 
Since V{m) can be identified with m®iV{l), the derivation D extends to 
an /-linear transformation of V{m\ also denoted by A which is such that 

D{t x) = {Dt) x + tDx {xeV{m\ tern). 

It is an easy matter to check (for example by expressing everything in 
terms of a basis of V{1)) that we have 

(7) D {P{x) y) = P{x, Dx)y + P{x) Dy {x, ye V (m)) . 

We now establish the following lemma. 

10.10 Lemma. Let aeV{m) be a central idempotent. Then Da = 0. 

Apply (7) with x — a, y = e. We obtain that Da = P{a, Da) e = P{a, e)Da. 
By 10.3(h) this shows that DaeVJ = 0. 

We can now prove 10.9. If ae V{k) is a central idempotent, there is a 
finite extension mck of /c such that aeV{m). We may assume that 
char(X) = p>0. Let / be a subfield of m, containing k, such that m/l is 
purely inseparable. 

We claim that ae V{1). It suffices to prove this in the case that m has 
degree p over /. But in that case it is easily seen that there exists an /-deri- 
vation D with Ker D = l. Our claim then follows from 10.10. We conclude 
that aeV(mnks), which establishes 10.9. 

10.11. Let N be the norm of let d be its degree. We define a polynomial 
function on by 



N^{x) = N(x-{-e-a) {xeVJ. 

If ^ is defined over keK and ae V{k\ then is defined over k. We assume 

from now on that a+0, e. 
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10.12 Lemma, (i) is a homogeneous polynomial function. We have 
N^{a) = l and 

( 8 ) N(x+y) = N^{x)N^_^{y) {xeV^,yeV^_„y, 

(ii) Let 0i be as in 1.11. Then 

(9) K(x) Kij„ x + y)= ^ 4>i{x, y), 

i = 0 

if ja is regular inxeVa, for all yeV^. In particular we have N^{x) N^(Ja ^) = 1 ; 

(iii) If contains an element whose minimum polynomial has the 

same degree as N, then is a denominator of . 

Let xeVa, ysV^_^ be such that x + y is invertible. It follows from (3), 
using 1.8, that the polynomial function {x, y)\-^ N{x + y) on l^xl/_^ 
divides a power of the product of the denominators of and j^_a. This 
implies that there exist homogeneous polynomial functions and 
Oil K and respectively, such that 

N{x + y) = N;(x)N:_,{y). 

We may normalize such that N^{a) = N^_ai^ — a) = l. Putting y = e — a it 
follows that N^ = N^. This proves (i). 

Let x,yeVa, v^weV^^a and suppose that x + i; is invertible. Put 

^Ax,y)=Kix)K{jAx)+y), 

- a (f > W) = N^_a(v)N^_„ {j, _ „ (u) + w) . 

From what was established in 1.11 we conclude, using (3) and (8), that 

d 

^a{x,y)^e-a{v,w)= ^ ^i(X + V,y + w). 
i = 0 

The right-hand side is a polynomial function in its variables x, y, p, w, 
which is nonzero for x = y = 0, v = w=0 (by 1.14). Hence and 0^-a 
must be polynomial functions, which are nonzero for x = y = 0, p = w = 0, 
respectively. Putting p = w=0 we obtain (9) up to a nonzero constant. 
This constant is 1, as is seen by taking x = a, y = 0. The last statement 
of (ii) is (9) with y = 0. (iii) readily follows from (3) and (8), taking into 
account the definition of minimum polynomials (see § 8). 

10.13 Lemma. Let be as in 1.11. If x, yel^, x'eV^, ^^K-a have 

(10) <P,(x + x' + z,y) = ^,(x,y). 

It follows from the results of 1.11 and 1.16(v) that, being as in 10.1, 
we have 



<?■• (</>« (t, u) V, w) = (t;, (f, u) w). 
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for all v,weV. This implies 

x-\-tux'-\-u^ z,y) = 0i{x-\-x' + z, y) 

for t, meK*. By continuity this holds for all t,ueK, Putting t = l, m = 0 the 
assertion follows. 

10.14 Proposition. Let reV^ be such that N^{x + r) = Na{x) for all 
Then r is in the radical of 9^. 

10. 12 (ii) implies that (x, r) = 0 for 1 ^ ^ rf, x e 1^ . It then follows from (10) 
that 0fv,r) = O for l^i^d and all veV. 

The definition of (Pj (see 1.11) shows that 

N{v) N{j v + r) = l 

for all invertible vgV. From 1.8 and 9.11 we then conclude that r is in the 
radical of 9. 

10.15 Corollary. Assume that 9 is semisimple and that 9a = {VaJa, a) is a 
J- structure. Then 9^ is semisimple. 

It follows from (3), using what was remarked at the beginning of the 
proof of 10.12, that the denominator of has the same irreducible factors 
as N„. The assertion then follows from 9.11. Notice that 9a is certainly a 
J-structure if char(X)=}=2 (see 10.7 (iv)). 

We next discuss orthogonality of idempotents and the properties 
of primitive idempotents. 

10.16 Lemma. Let a and b be idempotent in V {not 0 or e). 

(i) If char(X) + 2 then a + b is idempotent if and only if beV^_^\ 

(ii) If be V^_a then In that case a + b is idempotent and we have 

Va^Va^,. 

Since {aAbf = a-{-b-yP{a,b)e, we see that a + b is idempotent if and 
only if P{a, b)e = P{a, e) b = 0. If char(X)=|=2 it follows from 10.3 (ii) that 
P(a, e)b = 0 if and only if beVe_a- This proves (i). 

If he V^_a then 10.6 implies that P{a, b)e = P{a, b)a-\-P{a, b){e — a) = 0. 
Hence a + b is idempotent. We have P{b)a = 0 by 10.3(iii), so aeV^_^ 
by 10.3(h). Finally P{a,b)Va = P{b)Va = 0 (by 10.6 and 10.3 (hi)). Hence 
Va = P{a + b) VaeP{a + b) V= 

If a and b are as in 10.16(ii) we say that they are orthogonal idempotents. 
10.16(ii) shows that orthogonality is a symmetric relation between idem- 
potents. We say that a =1=0 is a primitive idempotent if a is the only idem- 
potent of 9 contained in . 

10.17 Lemma, (i) If a is a primitive idempotent then a is not expressible 
as a sum of two orthogonal idempotents; 
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(ii) Let I be an ideal in Sf. Let ael be a nonzero idempotent which is not 
expressible as a sum of two orthogonal idempotents contained in I. Then a 
is a primitive idempotent. 

Suppose a is a primitive idempotent. Assume a = b-\-c, where b and 
c are orthogonal idempotents. Since be VI and (by 10.16(ii)), it 

follows that b is an idempotent in hence b = a. This is a contradiction, 
whence (i). 

Let I be an ideal, let be a non-primitive idempotent in I. There 
exists an idempotent b + a in V^. Since K^ = P(a) Fc:/ by 9.6 (i), we have 
be I. By 10.3(h) we have P{a,b) e = P(a, e)b = 2b. Hence {a — bf = a — b, 
so that a — b is idempotent. It also follows that 

P{e, b) {a — b) = P{a, b)e — P{b,b)e = 0. 

Since P{b) {e — {e — a)) = b^ = P{b) b, we see that 

P{e — b) {a — b) = a — b — P{e, b) {a — b)-\- P{b) {a — b) = a — b, 

whence a — beVe_fj. Consequently, b and a — b are orthogonal idem- 
potents in I. This proves (ii). 

We now prove rationality results about idempotents. 

10.18 Lemma. Suppose that 6^ is defined over k. Let I be an ideal in ^ 
which is defined over k and which is not a nil ideal. 

(i) 7(/cJ contains a nonzero idempotent; 

(ii) Let ael (kg) be a nonzero idempotent which is not expressible as a sum 
of two orthogonal idempotents contained in I (kg). Then a is a primitive 
idempotent. 

The set S of idempotents in / is a closed subset of 7, which is defined over k. 
By 9.15 it is nonempty. Hence, as a consequence of Hilbert’s Nullstellen- 
satz, Sn7(fc)4=0. This proves (i) if char(K) = 0. 

Next let char(7C) = p>0. From 3. 15 (hi) it follows that the set N of 
nilpotent elements in 7 is a closed subset. Since 7 is not nil, 7 — AT is a 
nonempty open subset of 7, which contains an element of 7(/cJ, e.g. by 
[1, 13.3, p. 52]. This means that there is a non-nilpotent element x in 
I (kg). Let x = + be its Jordan decomposition according to 8.9. Then 

= xf + xj (this follows from 8.7 and 8.9 if p + 2 and from 8.9 and 3.11 (ii) 
if p = 2). q being a sufficiently large p-power, it follows that y = x^ = xf is a 
nonzero semisimple element of I (kg). 

Then the substructure S' of 9^ generated by y is defined (see 8.8), 
moreover 7 determines an ideal T in S', which is not a nil ideal. But S' 
is isomorphic to a J-structure /{A\ where ^ is a commutative, associative 
algebra, which is defined over kg. In such a J-structure /{A\ any idem- 
potent is central, as follows from 10.4(1). Since 7(fe) contains a nonzero 
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idempotent by what we established at the beginning of the proof, it 
follows from 10.9 that /'(fej) contains a nonzero idempotent. Hence /(fej 
does. This establishes (i). 

To prove (ii) one argues as in the proof of 10.17(ii). One has to choose 
the idempotent b occurring in the proof in which fact can be 

established by an argument similar to that used in the proof of (i). 

10.19 Proposition. Suppose is defined over k. Let I be an ideal which is 
defined over k. Any nonzero idempotent ae/(/cJ is expressible as a sum of 
mutually orthogonal primitive idempotents of /(fej. If I is not a nil ideal, 
then I{ks) contains primitive idempotents. 

This is a direct consequence of 10.18. 

10.20 Proposition. Let a + 0,e be a primitive idempotent in 

(i) The set of nilpotents of Va is a hyperplane in V^; 

(ii) Any nilpotent element of lies in the radical of Sf. 

We proceed as in the proof of 9.16. Let x€p^, x = Xs+x„ be its Jordan 
decomposition. Since the powers x* (i^l) lie in it follows from 8.9 
that Xs, x„E Va.lt follows as in the proof of 9.14 that x^ is a linear combi- 
nation of idempotents in whence x^eKa. 

If ^a = {KJa^ is a J-structure one can argue as in the proof of 9.16 
to establish (i). By 10.7 (iv) this proves (i) if char =1=2. 

Next assume char (K) = 2. We introduce in the restricted Lie algebra 

structure of 7.15 with [x, y] = ij(x, y)a. Let adx{y) = lx, y]. If xeV^ we 
have that x^'^eKa, for sufficiently large n. It follows that then {adxf^=0. 
By Engel’s theorem [26, Cor. 2, p. 12] we conclude that the Lie algebra 
is nilpotent. But then (x -h y)^" = x^” -}- y for n large. This implies that the 
sum of two nilpotent elements of is again nilpotent, from which (i) 
follows, (ii) follows from (i) by using 10.14. 

10.21 Corollary. Let 9" be semisimple, let a + e be a primitive idempotent 
in V. Then dim 1^=1. 

We can now deal with the basic structure theorem for semisimple 
J-structures. 

10.22 Theorem. Assume that 9 is semisimple. Then V is the direct sum of 
its nonzero minimal ideals. For any such minimal ideal I there exists a central 
idempotent aeV such that I =Va and that 9a = {Va,j a, a) is a simple J-struc- 
ture. 9 is isomorphic to a direct sum of simple J-structures, which are 
uniquely determined up to isomorphism ( except for their order ). 

If 9 is simple this is clear (with = V). We shall prove that for any proper 

ideal /=N0 there exists a central idempotent a with /= It then follows 
from 10.8 that is a J-structure. By 10.15 it is semisimple. An induction 
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on dim V now proves the first assertion. The last statement is then easily 
proved. 

So let / =1=0 be a proper ideal. By 9.12 and 9.15, / contains nonzero 
idempotents. Let ae/ be an idempotent such that dim is maximal. We 
have V^ = P{a) Veil and V;ciP{a,e) V=P{e, V)aczl (by 10.3). We shall 
prove that 1^ = /, 1^' = 0. We proceed in two steps. 

(a) F,_,n/ = 0. 

Let beV^_anI be idempotent. By 10.16(h) we know that a + b is idem- 
potent and that P^cz 1/ The maximality of implies that 
Hence a-\-b = P{a){a-\-b) = a, whence b = 0. This implies that Vg_^nl 
consists of nilpotent elements (by 8.9 and 9.14, observing that Kg_^n/ is 
closed under taking powers with strictly positive exponents). 

Let reP^.^n/, let be such that a + x is invertible. As in the 

proof of 9.12 we have 

N,_,{x + rf = N{a + x-^rf 

= AT(a + x)^ • N{e + P{a-\-x)~^ r^ + P{a + x)~^ P(x, e)r). 

Let P^_a be as in 10.7. We then have P(a + x)~V^ = iJ_^(x)~ 
and P{a + x)~^ P{x, e) r = P^_Jx)~^ Il_„(x,e-a)re 
Hence P(a-hx)~^r^-hP(a-hx)~^ P(x,e)r is nilpotent. It follows from 
3. 15 (hi) that 

(X + rf = N(a + xf = (x)^ 

whence (as in the proof of 9.12) 

K_„{x + r) = N,_^(x), 

But now 10.14 shows that r=0. Hence P^_an/ = 0. 

(b) f;=0. 

By 10.3(iii) we have P(P^') I^-a<^/ = 0. Let be as in 1.11. It follows 

from 1.11 that we have, if xg P^, yG x'g P^' 

0 = (P(x') X, y) = 4>i (x, P(x') y) 

10.12(h) then implies that 

iV„(x + P(x')y)=iV„(x), 

which by 10.14 implies that P(P^') = 

Since (k^')^^ ^ + if follows that P(V^)(V^)^ = 0. In partic- 
ular we have (x')"^ = P(x')(x')^=0 for all x'gP^'. So all elements of are 
nilpotent. 
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Let xG ye x'e By §3, (14) and 3.15(iii) we have 

(11) N{P(e + x') (x + y)) = N{x + y) . 

Now 

P(e H- x') (x H- y) = X -h y H- P(x', e)x-y P{x', e) y = x-^y + t^ y (x') 

(the other terms vanish by what we just established). We have 
la, 0 (^0 = e) a = P{a, e) x' = x', 

by 10.3(h). 

By 10.3 (hi), t^ y is a linear transformation of V^, depending linearly 
on X and y. Since it is surjective for a particular choice of (x, y), it must be 
surjective for (x, y) in some nonempty open subset U of V^x V^_^. Then 
(11) implies 

N{x + y + x') = N{x + y) ((x, y)eU). 

But then we have 

AT(i; + x') = iV(i;) 

for all PG K By 9.11 it follows that x' is a radical element, hence =0. 
Since 1^' = Lg_^n/ = 0, it follows that /=1^, establishing the assertion 
made in the beginning of the proof. 

10.23 Corollary. Assume that ^ is defined over k and semisimple. Then its 
nonzero minimal ideals are defined over ^ is isomorphic to a direct sum 
of simple J -structures which are defined over k^. 

The corollary will follow if we show that the central idempotents of 
are defined over k^. It follows from 10.8 and 10.22 that the set of central 
idempotents is finite. On the other hand it is a fe-closed subset of the 
/c-open subset {xGL|det(P(x, e)— 1)=#0} of V (by 10.3(h)). It follows 
that all central idempotents lie in V{kX hence in F(feJ by 10.9. 

10.24. Suppose ^ is defined over k. We say that 6^ is k-simple, if ^ does 
not contain ideals I defined over k distinct from 0 and V. 

10.22 and 10.23 imply that a semisimple ^ is a direct sum of fe-simple 
J-structures. Moreover 10.23 implies that a /c-simple ^ is a. direct sum of 
simple J-structures, which are defined over k^ and which are permuted 
transitively by the Galois group of kjk. 

10.25 Sets of orthogonal idempotents. Let ai, ....a^ be mutually ortho- 
gonal idempotent elements in K with H \-ak = e. With the notations 

of 10.3, 10.5, 10.11 we put 

V = V i = i N =N 

Jr JOr9 
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10.26 Lemma, (i) If Xf.e (l^r^h) is such that ^ is invertible then 



h 

z 

l-=l 



/ h \ h 

j{ Z^r)= ZjrX/, 

\r=l / r=l 



(ii) If t^eK* then 1^ invertible and 



r = l 
h 



i ^ E = E ‘ «r; 



(iii) The morphism xj/ of ((CfILif into the inner structure group of 6^ 
defined by 

is a homomorphism of algebraic groups; 

(iv) If^ is defined over k and if aj.eV{k) (l^r^h) then ij/ is defined over k 
and im if/ is a k-split subtorus of G^. 

This is true for /i = 2, by (3), 3.14 and 10.2. Assume the assertion to be true 
for /i — 1 orthogonal idempotents. Let x^ (1 be as in (i). If r> 1 we 

have x^GP(fl^) VciP(e — a^) V= by 10.3 and 10.16. Hence by (3) 

J (E =7l +je-a, (E • 

For all / + 1 we have by 10.16 that a^+at is idempotent, hence 

> (E ^r) =ja, +a, (^1 + ^i) + E Jr , 
by our inductive assumption. These two formulas imply 

je — ai Yi f 

whence (i). (ii) is proved similarly, we omit the proof. 

To prove (iii) we first observe that we have, as in the proof of 10.2 

(12) ^'■) (? 

if tr^u^eK. Using §3, (18) it follows that 

n h 



/ n \ « n 

|E^r«rj =E^”«r, 
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for all n ^ 0. Let Ci , . . . , be distinct elements of X* and put x = ^ . 

1 

It is then easily seen that all are linear combinations of powers of x. 
Using 3.11(ii) it follows that any two of the linear transformations P(a^), 
P(a^, a^) commute. 

Hence all linear transformations . . . , of (iii) commute, (iii) now 
follows from (12), in the same manner as the corresponding assertion of 
10.2 was derived from (1). The proof of (iv) is easy. 
ij/ being as in 10.2 (iii), put 

K, = {xeV\il/(ti,...,t^)x = t,t,x}. 

Clearly F„= 

10.27 Proposition, (i) F is the direct sum of the spaces (l^r^s^h); 

(ii) We have F,,= F, = P(a,) K K,= {xeV\P(a„a,)x=x} (r+s); 

(iii) PiK) K=P{K) F, = 0 (r + 5), P(K,) V, = 0 i/r + s, t + r, t + s; 

(iv) Ifr + s then P(FJ 1] ^ PiKs) F,. 

t^U 1+u 

The proof is quite similar to that of 10.3, we therefore omit it. 

10.28 Lemma. Let x^g 1^ (1 Then 

N{t^r)=UK{Xr). 



For h = 2 this is (8). The proof for arbitrary h is similar, using 10.26 (i) 
instead of (3). 



10.29 Proposition. Let ^ be semisimple. Let be mutually ortho- 

gonal primitive idempotent elements, with sum e. Assume that there exists 

h 

an element of the form ^ x^ aiiXieK*) whose minimum polynomial has the 

i = 1 

same degree d as the norm N. Then h = d. 



By 10.21 we have dim 1^=1. Clearly (t^,yV,^r) is a J-structure, viz. the 
1-dimensional one ^{K). By 10.12(iii) we then have Nj.{tar) = t. 10.28 
implies that h \ ^ 

N{j^La,j=l\t,, 

which proves the assertion. 



10.30 The equations P{a, e) = 0 and P(a) = id. If aeV, P{a, e)=f) then we 
have by §3, (10) 2o-P(e,e)o-P(o, e)e-0 



whence a = 0 if char(K)=|=2. This is no longer true if char(X) = 2. For 
example, let then ^ be a commutative, associative algebra, let /{A) be 
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the J-structure defined by A, see 2.1. It follows from 2.2 that now 
P{A, e) = 0. 

From 10.3 (ii) one sees that P{a,e) = 0 (in characteristic 2) if a is a 
linear combination of central idempotents. The next result gives a 
converse to that statement. 

10.31 Proposition. Let char(K) = 2. Assume that ^ is a semisimple 
J-structure which is separable. If aeV, P{a,e) — 0 then a is a linear com- 
bination of central idempotents of 5^ 

(Separability was defined in 7.7.) Let C = {xe V\P{x, e) = 0}. From §3, (7) 
with y = z = e it follows that 

P(x,ef = P{x^,e), 

hence C is closed under taking squares. It then follows from the last 
assertion of 8.9 that if ae C has the Jordan decomposition a = + we 

have as,a„e C. 

We claim that under the assumptions of 10.31, C does not contain 
nonzero nilpotents. Since the idempotents in C are clearly central, the 
assertion then follows (the fact that C is closed under taking squares 
implies that if aeC is semisimple, the underlying vector space of the sub- 
structure 6^ (a) of 8.8 is contained in C). 

To establish the claim let aeC, a^=0. Put y = e, z=a in §3, (7) and 
apply both sides to e. We then find that P{a) =0 for all xe K The separa- 
bility of 5^ then implies P(a) = 0. But now 1.16(i) shows that P{ga)=0 for 
all g in the structure group G of ^ But then (g a)^ =0 for all ge G, hence a 
is a radical element of see 9.10. The semisimplicity of 6^ then implies 
a=0 which is what we wanted to prove. 

10.32 Corollary. Assume that ^ is simple and separable. Then P{a, e) = f) 
implies aeKe. 

10.33 Proposition. Let aeV, P{a) = id. 

(i) If char(K)=(=2 then there exists a central idempotent c such that 
a = e-\-2c\ 

(ii) //char(X) = 2 and if ^ is simple and separable then a — e. 

If P{a) = id then a^ = P{a)e = e. If char(X)=j=2 put c=\{a-e). Since 
(e — df' = e — P{a,e)a-\-af — 2e — 2a, we have c^ = c. Moreover P{e,c)-\r 
P{c) = 0. With the notations of 10.3, it then follows from 10.3 (ii) that 
VJ = 0, so that c is a central idempotent. 

Next let char(K) = 2 and assume 6^ to be semisimple. Let 
be a maximal set of orthogonal primitive idempotents, with sum e. Let 
ij/ be as in 10.26 (iii) and let 

v= © K, 

l<r<s<h 
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be the decomposition of 10.27. By 10.21 we have V,^=Ka,. Let P(a)=id 
and put ^ 

a=£c,a,+ X Ors, 

r=l l^r<s^h 

where We have, using §3, (6) 




if It follows from 10.27 that 

P(ar,aj=0 

and that c^= 1. But then 

P{e,ast)= Y.P(a„aJ=0. 

r = l 

If ^ is simple and separable then 10.32 implies that ast = 0. Hence a = e, 
which proves (ii). 

10.34 Corollary. If 6 ^ is simple and separable {if char (K) = 2) then P{a) = id 
implies a = ±e. 

10.35 Remark. It will follow from the classification of simple J-structures, 
to be given in §13, that in characteristic 2 all simple J-structures are 
separable (see 13.7). By 10.22 the same then follows for semisimple 
J-structures. Hence the condition of separability in 10.31 and 10.33 (ii) is 
redundant. It is desirable to have a more direct proof of this fact. 

Notes 

The Peirce decomposition is a standard tool in Jordan algebra theory, see e.g. [14, Chap- 
ter III] and [15, Chapter II]. The treatment given here is based on the interpretation of 
the Peirce spaces I^, I^_a, as weight spaces of the torus in V (notations of 10.2 and 
10.3). 

10.22 is one of the basic structure theorems, due originally to Albert, in the case of Jordan 
algebra of characteristic not 2. The proof given here of 10.22, which makes use of properties 
of N, is somewhat different in spirit from the Jordan algebra proofs occuring in the litera- 
ture, see e.g. [8, I, § 13, p. 55-56], [14, p. 201], [15, p. 3.25]. 

Via the correspondence between J-structures and (quadratic) Jordan algebras, our notions 
of simplicity and semisimplicity of a J-structure defined over a field k<^K, correspond to the 
notions of “absolute” simplicity and semisimplicity. Because of this, we can establish 
results like 10.23, which show that inseparable extensions of the base field can be avoided. 
It should be clear that in the framework adopted here, absolute simplicity and semi- 
simplicity are the natural notions. 
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This section is a preparation for the next ones, where the classification of 
simple J-structures is to be discussed. We shall deal with a problem in 
the theory of linear algebraic groups which is basic for that classification. 
We shall have to rely heavily on the theory of semisimple algebraic groups 
and their rational representations, for which we refer to [10]. For the 
results on root systems to be used we refer to [7]. 

11 . 1 . We first show how the results of the preceding sections lead to a 
classification problem of algebraic groups. 

Let S^ = (VJ,e) be a J-structure with structure group G. Given an 
idempotent element 0, ^ in K we can associate with it a 2-dimensional 
torus in G (see 10.2). contains the 1-dimensional subtorus C of G 
consisting of the scalar multiplications by elements of K*. Let G', S' 
denote the identity components of the intersections of the special linear 
group SL{V) (the subgroup of GL{V) whose elements have determinant 1) 
with G and S^, respectively. Clearly G=C{GnSL{V)), Moreover, G' 
has finite index in GnSL{V) and CG' is connected. It follows that CG' 
is the identity component G° of G. Likewise we have CS' = . The group S' 

is a 1-dimensional torus. 

If c is a rational character of S', denote by V{c) the corresponding 
weight space of S' in K i- e. 

V{c)= {veV\sv = c{s)v forallseS'}. 

Then V is the direct sum of the different nonzero weight spaces F(c), see 
[1, p. 200]. It follows from the proof of 10.3 that in the present case the 
weight spaces are and (in the notation of §10), so that at 

most 3 weights of S' occur. If a is not a central idempotent (and a + 0,e) 
there are indeed 3 weights, for all three spaces and are non- 
zero. 

Moreover, (j)^ being the homomorphisms (GlLi)^-^Gi of 10.1, the 
fact that the 3 possible weights for the corresponding rational represen- 
tation {(DJL^f GL{V) are given by (j)a{t,u) = t^,tu,u^ (which follows 
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from 10.3 (i)) implies that the weights of S' in Fhave a special property. 
Identifying the group of rational characters of S' with Z, there correspond 
to the 3 possible weights of S' three distinct integers b, c, d, which can be 
chosen such that b + d=2c. The corresponding weight spaces are 

respectively. We can order the character group of S' such that 
f> > c> d, b > 0 (as is easily seen). 

Finally, if a is a primitive idempotent and if ^ is semisimple, we have 
by 10.21 that dim 1^=1, which means that the corresponding weight b 
of 6^' has multiplicity 1. 

We shall now study in more detail such a situation, assuming more- 
over that the group G' acts irreducibly in V. We now change the nota- 
tion and we shall formulate the problem to be discussed in a precise 
manner. 

V denotes a finite dimensional vector space. Let G be a nontrivial 
connected linear algebraic group, contained in the special linear group 
SL{V). The following lemma is well-known. We sketch the proof. 

11.2 Lemma. If G acts irreducibly in V then G is semisimple. 

Let U be the unipotent radical of G. Let 

Vo = {veV\Uvo = Vo}. 

One knows that Vq + 0 (see [ 1, p. 158]). Also, since C7 is a normal subgroup 
of G, we have that G stabilizes Vq . The irreducibility assumption now im- 
plies that Fo= K hence U = {e}. 

The radical JR of G is then a central torus in G. By Schur’s lemma, the 
elements of R are scalar multiples of the identity. But since GczSL{V), 
it follows that R must be finite, hence R = {e}. This establishes 11.2. 

Let S' be a subtorus of G. Let c be a weight of S in K i e. a character of 
S such that the corresponding weight space V (c) (the definition of which 
was recalled in 11.1) is nonzero. Its dimension is then called the multi- 
plicity of the weight c. Let g be the Lie algebra of G. S acts in g via the 
adjoint representation of G in g. The nonzero weights of S in g are the 
roots of S. The following lemma is probably well-known. We consider 
the character group of S as an additive abelian group. 

11.3 Lemma. Any root of S is a difference of 2 weights ofSinV. 

G is an algebraic subgroup of SL(F), hence of GL(V). Its Lie algebra g 
is then a subalgebra of the Lie algebra gI(K) of all endomorphisms of V. 
It is clear that it suffices to prove the assertion for G = GL(F). S is con- 
tained in a maximal torus T of GL{V). But the maximal tori in GL(V) 
are the groups of nonsingular diagonal transformations, with respect to 
some basis of K For such a T the assertion of the lemma is obvious. 
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11 . 4 . We now assume moreover the following: 

(a) G acts irreducibly in V; 

(b) There exists a 1 -dimensional subtorus S of G such that one of the follow- 
ing conditions is satisfied: 

(1) 5 has two weights in V, 

(2) S has three weights in V. There exists an isomorphism of the character 
group X (5) of S onto TL, such that the weights correspond to three integers 
a, b, c with a>b>c and a + c = 2b and such that the weight corresponding 
to a has multiplicity 1. 

We call such a triple (V,G,S) admissible. We refer to the two possible 
situations in (b) as case 1 and case 2. We now can state the aim of this 
section. It is the solution of the following problem. 

Problem. Determine the admissible triples (K G, S). 

Although the J-structures lead to case 2 only, the solution of the problem 
in case 1 is needed for the solution in case 2. 

11 . 5 . Let (K G, S) be admissible. By 11.2 we have that G is semisimple. 
Let T be a maximal torus in G containing S, let X{T) be its character 
group, let (j): X{T)-^X{S)=Z be the restriction homomorphism. We 
choose compatible orderings on X{T) and X(5) (which is possible by 
[4, 3.1, p. 71], such that the order on Z has the properties described above 
in case 2. 

Let I be the root system of G with respect to T, let A be the basis of I 
defined by the order of X{T\ see [7, Ch. VI, Def. 2, p. 153]. We say that G 
is quasi-simple if I is irreducible. 

It is known that there exists a set of quasi-simple semi- 

simple groups G, and a central isogeny a : G^ x • • • x G^, — > G (which means 
that a is a surjective homomorphism of algebraic groups, with finite 
kernel, such that the restriction of a to a maximal connected unipotent 
subgroup U is an isomorphism in the sense of algebraic groups of U 
onto a((7)). 

11 . 6 . Let G' = GjxG 2 be a direct product of semisimple groups. Let 
Pj ! Gj^5L(kJ) be nontrivial irreducible rational representations (/ = 1, 2). 
Put L= Li® 1^2 and let p: G'-^SL{V) be the tensor product representa- 
tion Pi (g) P 2 of G' in V. It is known that p is irreducible. 

Now let 5i be a 1-dimensional torus in G such that (li, pi(Gi), Pi(5)) 
is admissible. Put G = p(G'), S = p{S^x {e}). It is immediate that (K G, S) 
satisfies all conditions of an admissible triple, except perhaps the multi- 
plicity condition in case 2. At any rate (V,G,S) is admissible if we are 
in case 1. Such an admissible triple is called decomposable. Otherwise it is 
called indecomposable. 
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In case 2, an admissible triple is always indecomposable. The same 
holds in case 1, if one of the weights of 5 in F has multiplicity 1. We can 
now state a first result on the classification of admissible triples. 

11.7 Proposition. Let (K G, S) be admissible. 

Case 1. Suppose that (K G, 5) is indecomposable. Then G is quasi-simple. 
Case!. G is either quasi-simple or G is isogeneous to a product of two 
quasi-simple groups G^ and G2. In the second case there exist irreducible 
rational representations pi'. Gj-^GL(l^) and 1-dimensional subtori Si in Gi 
such that (Vi, pi{GiX pi(Si)) is admissible in easel and that V=Vi®V 2 , 
G = pi(Gi)0p2(G2)- Moreover one of the weights of Si in Vi has multi- 
plicity 1 (i = l, 2). 

Suppose that G is not quasi-simple. Let a: GixG 2-^G be a central 
isogeny, G^ and G2 being semisimple groups. Let S' be the identity 
component of a~^(S) and let Si be the projection of S' on Gi. We have an 
irreducible rational representation p of Gi x G2 in V. It is known that 
there exists irreducible rational representations pp. G^GL(kJ) (i = l, 2) 
such that Li0l2, p = Pi(8)P2- Since (K G, S) is indecomposable, we 
must have Si + {1}. 

Fix isomorphisms t,-: (DILi— >S/ (i = l, 2). Then there exists an iso- 
morphism T : (DILi S with 

T (x) = Pi (ti (x))^‘ (g) P2 (1^2 (x))^^ 

where and X 2 are nonzero integers. 

Let Vi be a weight vector of 5^ in Vi. Hence 

Pi{T:iix))vi = x‘’‘ Vf 

Then 

T (x) (Vi ® 1^2) = (Ul 0 V 2 ) , 

so that + X 2 a 2 is a weight of (GJL^ in V. If i; • is a second weight vector 
of Si in Vi, with a different weight, we would get weights fli + /2 ^2? 

a'l -I-A2 ci 2 ,Xi +22 a' 2 , 2i +^2 a '2 of (GfL^ in V, with fl2 + «2- 

It is immediate that among these integers there are at least 3 distinct 
ones. It follows that, if S is to have 2 weights in V, at least one has only 
one weight in Vi hence would be in the centre of G,, which is absurd. 
Hence the first assertion follows. 

A similar argument shows that in case 2, Si can have only 2 weights in 
Vi. The multiplicity condition in case 2 implies that at least one weight 
of Si must have multiplicity 1 in kj. This establishes the assertion about 
case 2. 



11.8. Let (K G, S) be admissible, with G quasi-simple. We use the notations 
of 11.5. 
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Let a be the highest root of Z, with respect to the ordering which we 
have chosen (see [7, p. 166]). 

We have 

ae J 

The positive integer is called the coefficient of a in a, we have 
Let 0 be as in 11.5. 

11.9 Lemma. There exists an integer n'^1 such that </>(Z)c; (n, 0, — n} 
in case 1, respectively (j) (Z) c: {2 n, n,0, —n, —2 n} in case 2. 

Let a, b (respectively a, b, c) be the weights of S in K In case 2 assume 
them to be as in 1 1.4. The assertion now follows from 1 1.3, with n = \a — b\, 

11.10 Lemma, (i) In easel there exists exactly on ole A with 0(a) + O. It 
has coefficient 1 m a; 

(ii) In case 2 there are at most two aeA with 0(a) 4=0. They have coefficient 
^2 in a. 

We have 0(a)= ^ ^^^^(a). n being as in 11.9 we have in easel that 

ae J 

0(a) = n, 0(a)=O or n. (i) follows at once from this observation. The 
proof of (ii) is similar. 

Remark. It follows from 11.10 that in easel only such quasi-simple G 
can occur, for which a coefficient 1 occurs in the highest root. This 
already rules out groups of type Eg, F 4 ., G 2 , where all coefficients h^ are 
^2, see [7, pp. 269, 272, 274]. 

11.11. Let W be the Weyl group of T W acts in the real vector space 
jR = X(T)®zIR. Let ( | ) be a positive definite scalar product on RxR 
which is VL-invariant. We identify Z with a subset of R. 

The fundamental weights {ole A) are defined by 

2{w^m\^r^ = Kf^ {oi,PeA) 

where is the Kronecker symbol. Let P be the subgroup of R generated 
by the (ole A). We order the elements of P as follows: x<yifj; — xisa 
sum of positive roots. 

There exist a unique highest weight (for this order) TUEPnX{T) of T 
in K with multiplicity 1. We have 

(1) z 

<xeA 

where the n^ are integers ^0 (see [10, expose 16]). 
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Let WqgW bQ the element which sends positive roots into negative 
ones. We put x* = WoX for all xeP. Then is the lowest weight 

of r in K as follows from the definitions. 



11.12 Lemma. Assume that I is irreducible, let aeA. 

(1) There exist strictly positive rational numbers n^p such that 

( 2 ) 

(ii) There exist strictly positive integers m^p such that 

/3eJ 

This can be proved by checking cases, using the tables of [7, pp. 250-275]. 
A better proof is as follows. It is clear that there exist rational numbers n^p 
such that (2) holds. That n^p^O follows from the following facts: (a) (j8, y) 
^ 0 if jS, y G d, jS 4= y, (b) , Wp) ^ 0 for all jSe d, see [7, Ch. V, § 3, Lemme 6, 

p.79]. 

Now assume that = 0 for some ye A. Let Sy be the reflection defined 

by y, i.e. the linear transformations of R given by 



Then 

where 



s^x=x-2(y|y)~i(>’|x)y. 
s,w^=m^ + ny 
n=- 

I>*Y 



From (Sy w^\Sy = it follows that we must have n = 0. Since 

^ 0, (y I j?) ^ 0 if 4= y, it follows that n^p = 0 if ()8 1 y) 4= 0. The connected- 
ness of the Dynkin graph of Z then implies that we have n^p=0 for all 
PeA, which is impossible. This establishes (i). 

To prove (ii) write Wq as a product of Sp (PsA). One then sees that 
w^ — w* is an integral linear combination of the peA. (ii) then follows 
from (i), observing that there is a permutation tt of d such that WqP= — n{p). 



11.13 Lemma. There exist strictly positive integers mp (jSed) such that 

tu-nj*= '£rrifP. 

peA 



If for all cceA then mp'^2 for all PeA. 

This follows from 11.12, using (1). 

We can now establish a result which will allows us to give the full 
classification of admissible (V,G,S). Recall that by 11.10 there are at 
most 2 roots oceA with (j){(x) + 0. If we are in easel there is only one. 
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11.14 Proposition. Let (K G, 5) be admissible with G quasi-simple, 

(A) Assume that there is one oceA with (/>(a)=t=0. 

(i) S is the identity component of the intersection of the kernels of the 
feA with f + (x; 

(ii) In case 1 there exists feA such that xu = Wp. a has coefficient 1 in 
Wp — Wp and in a. If one of the weights of S in V has multiplicity 1 then ^ = oc; 

(iii) In case 2 we have m = w^or m = 2w^. If w = w^ then a has coefficient 2 
in — If w = 2m^ then oi has coefficient ^2 in a. 

(B) Assume that there are two roots a, pe A with (/>(a)=|=0, (j){P) + 0. 

(iv) We then have w = m^or w = Wp, moreover a and f have coefficient 1 in 
m — w*. 

First consider case 1, so that we have the situation (A). Let a and b 
(a>b) be the weights of 5 in F (X(5) being identified with Z). 

Let oceA, (/>(a)4=0. By 11.3 we have (f){(x) = a — b. But clearly (j){w) = a, 
(f){w*) = b, hence also — ti7*) = a — fc = 0(a). By 11.13 it follows that 

(3) 

PeA 

whence a — b — m^{a — b). Using 11.13 the first assertion of (ii) follows. It 
also follows that a must have coefficient 1 in Wp — w^. That a has coef- 
ficient 1 in a was already proved in ll.lO(i). 

We next prove (i). Clearly S is contained in S^. Since both 5 and 
are 1-dimensional tori they must be equal. 

In case 1 it remains to prove the last point of (ii). Let s^eW he the 
reflection defined by ye A, Then 

Syru = tu-2iw\y)(y\y)-^y 

is again a weight of T in F and 

<t> (Sy ro) = (/) (t37) - 2 (C7 1 7 ) (y I y) - ‘ (y) . 

If one of the weights of 5 in K say the highest one a, has multiplicity 1, it 
follows that (ml 7 ) 4=0 can only be if (^>( 7 ) 4 = 0 . This shows that we must 
have j? = a in (ii), as asserted. 

New assume that we are in case 2 and in the situation (A). Let a, b, c 
be the weights of 5 in K with a>b>c, 2b = a — c. Then (/>(m — m*) = 
a — c = 2{a — b). By 11.3 we have (j){oc)'^a — b or (/>(a) = 0, if oceA. 11.13 
now implies that 

Z 

<xeA,(j>{(x) + 0 

The multiplicity condition shows, as before, that (m|a)4=0 implies 
4> (a) 4= 0. Let 0 (a) 4= 0, = 1 . By 1 1 . 1 3 there is pe A with w = Wp, moreover 

(m^ I a) 4=0, wence p = (x. 
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If (/)(a)=t=0, m^ = 2 the inequality shows that (/>(j8)=0 for jS=t=a whence 
w = nw^. 11.13 implies that then we must have n^2. (i) has now been 
established. 

It has been proved that t(7 = tt7^ or m = 2t(7^ and that a has coefficient 
^2 in — m*. Now assume that w = w^ and that a has coefficient 1 in 
— If c is a weight of T in K then we have 

PeA 

where the kp are positive integers. Since w* is the lowest weight our 
assumption implies that k^^l. Hence 

<f>{c) = 4>iwj-k^<t>ia), 

and it would follow that S had only 2 weights in K which is a contradic- 
tion. Hence a has coefficient 2 in ru^ — xu*. It is also clear that, if w = 2w^, 
CL must have coefficient 1 inxn^ — w*. The last assertion of (iii) was already 
established in ll.lO(ii). We finally have to deal with (B). To prove (iv) 
one uses similar arguments. We leave the details to the reader. 

A corollary of the proof is a converse of 1 1. 14 in case 1. We now denote 
by G a quasi-simple linear group, which we assume to be simply con- 
nected (for this notion see [2, p. 193-194]). The notations remain the 
same. It is known that for any w of the form (1) there exists an irreducible 
rational representations p of G such that T has highest weight w in that 
representation. If aed, we denote again by 5^ the identity component of 
the intersection of the kernels of all jieA with jS + a. 

11.15 Corollary. Let oc.PeA. Suppose that cl has coefficient 1 in rup — Wp. 
Let p: G— >GL(F) be an irreducible rational representation such that T 
has highest weight Wp in V. Then {V, p{G), p{SJ) is admissible in easel. 

To prove that p(SJ has 2 weights in V one proceeds in the same way as 
in the last part of the proof of 11.14. 

In case 2 a similar result is true (see 1 1.18). But we prefer to establish 
this via the explicit classification of admissible triples, to which we turn 
now. 

11.16 Classification. 11.14 reduces the determination of the admissible 
(K G, 5) with G quasi-simple to the solution of a problem on root systems, 
viz. the determination in the situation of 11.14(A) of the possible (xeA 
and Wp such that the conditions of 11.14(i) (respectively, 11.14(ii)) are 
fulfilled and the determination when the situation of 11.14(iv) can hold. 

The root system Z of G with respect to T is of one of the types 

Aiil^l), B,(/^2), Q(/^3), A(/^4), £„ £ 7 , ^8, ^4, G 2 . 

We shall check the possibilities for the various types. 
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We use the notations of [7, p. 250-275] for the explicit description 
of the irreducible root systems and the numbering of simple roots and 
fundamental weights. If is a simple root we write m,- instead of As 
in 11.11, Wq denotes the element of the Weyl group W which sends 
positive roots into negative ones. 

TypeAi. We have 

= + [(/ — i + l) ai + 2(/ — i + 1) a2H + 

-h /(/— / + 1) oLi + /(/-/) H hi aj . 

Since we find that 

— tnf = ai -h 2 a2 H h (i — 1) a,- _ ^ + i (a^ H h ^ ^ ) 

+ (i — 1) a/_i^.2H h2a/_i + a^, 

if i^/ — i + 1, moreover 

In case 1, we must have i and j such that a, has coefficient 1 in Wj—mJ, 
The preceding formulas show that we must have one of the following 
cases for a and m 



oc = (Xi or a/, uj = TUj (l<j<l); 

(x = (Xi (l^i^O, Tu = mi or tu/. 

Assume now that we are in case 2 and that there is only one oceA with 
(/>(a)=t=0. We then must have i such that has coefficient 1 or 2 in 
We obtain the following possibilities: 

oc — oci, w=2w^; a = (Xi , w = 2wi\ 

oc — 0 C 2 j tn = r?72 j 

If we are in case 2 and if there are two roots a, Pe A with 0 (a) + 0, 0 (P) 4= 0, 
then 11.14(iv) implies that we can only have 

(x = (Xi, P = oii, w = mi or Wi. 

We next discuss the other simple types. It will follows from 11.14(iv) 
and the formulas for the Wi — tuf, given below, that there no two distinct 
a, jSed can have coefficient 1 in Wi — wf, so that the situation (B) of 11.14 
is impossible. We therefore assume from now on that we have the situation 
of 11.14(A). 
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Type Bi. We have Wq= — 1, wf= — Then 

ttjf — tnf = 2 ai + 4 a2 H h 2 (i — 1 ) a^- _ ^ + 2 i (ai H a/) (1 ^ i ^ 0 ? 

t(7/ — ttjf = ai + 2 a2 H h / . 

In easel the only possibility is a = a^, w = wi. In case 2 we must have 
(x = (Xi, w = Wi or / = 2, a = a2 , n7 = n72 . 

Type Cl. Wq= —1, wf = —Wi and 

TDi — Tuf = 2 oCj 4" 4 0^2 "b * ' ' 4“ 2(/ — 1) 0C/_ 4” 1 (2 Off 4“ 2 4" • • • 4~ 2 4~ OC/). 

In easel the only possibility is a = a/, w = Wi. In case 2 we must have 

OC = , W = Wi . 

Type Di. We have Wq = — 1 if / is even. If / is odd then 

WQ(Xi=-0Ci (l^/^/-2), Wo(a^_i)= -a^, Wo(af)= 

We find from the formulas of [loc. cit., p. 256-257] that 

— tnf = 2aj4-4a24 f-2(/ — l)af_i 

4~ 2 i{cti 4" • • • 4“ oc^_2) 4“ i{oCi_i ^i) (f = i 21)? 

n7/_i — tnf_i = ai4-2a2 4 ^{l — 2)(Xi^2 

— if / is even, 

— mf_i = ai4-2a24 h(/ — 2)af_2 

+i(/ — l)(ai_i4-af) if / is odd, 

and TDi — wf is obtained from — by permuting and 
It follows that in case 1 we have the following possibilities for / > 4 

a = ai, XD — Wi or C7 /_i; 
a = a/ or a^_i, m = C7i. 

If / = 4 we can also have 

OC = OC3 , = tt74 , OC — 0^4 , 

In case 2 the only possibility is a = aj, vj = xui if I >5. If / = 4 we can also 
have 

CC — OC3 , XU — n?3 , Ot — 0^4? — xu^. 

If / = 5 there is also the possibility that a = a4 or 0C5 , m = m4 or ^75 . 

Type E^. Making use of the results of [7, p. 261] one sees that the coef- 
ficient of ai in xuj—xuj is always ^2 and that a coefficient 2 only arises if 
/ = 1, 6 and 7 = 1, 2, 6. This shows that easel is impossible and that in 
case 2 we can only have a = ai, xu = xu^ or a = a6, xu = xu^. 
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Type Ej . We have Wq = — 1. All coefficients of the a,- in Wj are > 1, except 
the coefficient of a7 in as follows from [loc. cit., p. 265]. Hence both 
case 1 and case 2 are impossible. 

The remark after 11.10 shows that in the remaining types G 2 

easel cannot occur. Next consider case 2. We only deal with type Eg, 
in the other types and G2 the argument is the same. By 11.14(iii), 
a has to have coefficient ^ 2 in the highest root a. By [loc. cit., p. 269] we 
must have a = ai or a = a8- But since Wo = — 1 and since has coefficient 
^2 in Wi (i = l, 8) it follows that case 2 is impossible. 

It also follows from the preceeding discussion that if {V,G, S) is 
admissible in case 1 and if 5 has a weight with multiplicity 1 in V, then 
(by 11.14(h), last point) we must have type Ai, a = ai, vj = tDi or a = oci, 

W = Wi. 

11.17 Explicit description of admissible {V, G, S) (G quasi-simple). Except 
for a possibility with type E^, which occurs in case 2, all possibilities 
listed above provide “classical groups”, i.e. of types Ci,Di. Then 

explicit descriptions of the groups and their representations exist, which 
lead to concrete realizations of the various possibilities. 

We denote by G a simply connected quasi-simple group of the same 
type as G. Let tc: G->G be a central isogeny. Let T be a maximal torus 
in G, with n{t)=T. The root system of G with respect to f can be identi- 
fied with I. 

If Wi is a fundamental weight, let pi denote an irreducible rational 
representation of G such that T has highest weight Wi in p, . Such a pi 
exists. 

Let Si be the identity component of the intersection of the kernels 
in t of the oCj (7 4=0- The discussion of 11.16, together with 11.14 now 
leads to the following explicit descriptions of the admissible triples. 

TypeAi. We may take G=S1L^^.1. Let A = K^~^^, let be the 

canonical basis of A. We may take f to be the maximal torus in G con- 
sisting of the linear transformations t of A with 

tCi = Xi 6i (l^i^/ + l), 

/+i 

with Xf = 1. Define a character £j of T by 

i = l 

Si{t) = Xi. 

Then the Si are as in [7, p. 250-251], as follows e.g. from [10, exp. 20]. 

It is known (see [10, p. 20-08]) that Pi is the canonical representation 

i 

of G in the exterior power Vi= A A Let Si be the 1 -dimensional 
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torus consisting of the re T with 
with xeK*, 

The admissible triples in case 1 are 
with either !</</, ; = z, / or 1 ^ 7 ^/, z = l, /. 

If pi{Sj) has to have a weight with multiplicity 1, the only possibilities 
are i=j =1 or I (see the end of 11.16). Since Pi = id and since pi is the con- 
tragredient of p^, there is then essentially only one possibility, viz. 

Next consider case 2. If char(K) + 2 the representation a with highest 
weight 2w^ is equivalent to the representation of in the space 

of all symmetric (/+l)x(/-fl) matrices, given by (t{X)S= 
XS -^X(XgSIL^+i(X), SgS,^i). 

It is easily checked that the torus has in that case in fact 3 weights in 
with multiplicities 1, /, ^ /(/ + 1), respectively. This gives the admis- 
sible triple 

(S/+1, (j(SILf_,.i), (t{S^)). 

The representation with highest weight 2 Wi leads to the same admissible 
triple. 

If char(K) = 2, the irreducible representation with highest weight 
2tUi is the transform under the Frobenius endomorphism of the one 
with highest weight (see [2, first paragraph of p. 52]), which implies 
that then (j(Si) has only two weights in the space of its representation. 
So this case is impossible, likewise that of highest weight 2wi. 

The next possibilities for case 2 in type Ai lead to the irreducible 
representation a of SIL,^.i in the space of all alternating (/+l)x 
(/ -f 1) matrices. One checks easily that S 2 has 3 weights in that representa- 
tion with multiplicaties 1, 2(/-l), i(/-l)(/-2), respectively. 

This gives the admissible triple 

(4) cc{SJLi^iX (x{S2))> 

The final case in type Ai, where there are 2 roots ol,PeA with (/>(a) + 0, 
(j){P) + 0 gives an admissible triple 

(5) (i^^SIL„5), 

where 5 is a suitable 1 -dimensional torus (which is not unique). 

From the discussion in 11.16 it follows that in the remaining possibil- 
ities for case 1 we find the symplectic groups in their standard represen- 
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tations, the even dimensional orthogonal groups in their ordinary 
representations and the various spin groups, in their spin representations. 
We do not insist on the details, which will not be needed in the sequel. 

From now on we discuss the remaining possibilities for case 2. If 
char (K) 4= 2, we denote by S©„ the special orthogonal group, i.e. the 
subgroup of SIL„ consisting of the matrices X with X • = 1. If 

char(X) = 2 and n is even, then an analogue of S©„ can also be defined 
(see [12, p. 65]). The simply connected covering group G of G = S©„ is 
the spin group Spin„. The symplectic group Sp 2 „ is the subgroup of SIL 2 „ 

consisting of the X with ^ ^”jx=l 2 „ (where denotes an 

identity matrix). Sp 2 „ is simply connected. 

Type Bi. First let char(X)=|=2. We then have G=Spin 2 /+i. The irreducible 
representation occurring in case 2 is with highest weight Wi. We can 
identify Pi(G) with S© 2 /+i. 

Let let (^i)o^i ^2 / be its canonical basis. Define a quadratic 

form g on F by 2 / i 

Q ( Zxie,)=xg+ 

\i=0 / i = l 

We may take for T the torus in G consisting of the linear transforma- 
tions t with 

t Cq — €q, 

t6i = Xiei, 

where 1 XieK*. Let Si be the character of T with 



Si{t) = Xi ( 1 ^/^/). 

The Si are as in [7, p. 252-253], see [10, p. 22-04]. 

Let S be the 1-dimensional torus with S6i = ei (i+l, /+1), se^=xe^, 
s€i^i=x~^ (xeK*). It is immediate that S has only 3 weights in V, 

with multiplicities 1,1, 2 /—I, respectively. We obtain the admissible 
triple (X2'-^',S©2i+i, 5). 

If char(X) = 2, we may take G to be the symplectic group Sp 2 / (see 
[10, p. 22-04, 22-05]). We shall recover this case in type C/. Also, the pos- 
sibility 1=2, a = a 2 , w = W 2 for case 2 can be recovered in type C 2 (via 
the isomorphism of groups of type B 2 and groups of type C 2 ). 

Type Dj. G is now the spin group Spin 2 f. The irreducible representation 
which we deal with first is p^, with highest weight Wi. We then may take 
G=S© 2 /. Let V=K^\ let (^j)i^i^/ be its canonical basis. Let Q be the 
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quadratic form on V with 

/ 2/ V I 

\i = i j i = i 

Let 5 be the torus consisting of the linear transformations s with s = x 
sei+i=x~^ s 61 = 61 (i+1, /+!), where xeK*. It has 3 weights in V, 
with multiplicities 1,1,2/ — 2, respectively. The admissible triple is 

The other possibilities of 11.16 in case D 4 are related to this one via 
the triality automorphism and do not lead to an essentially new admis- 
sible triple. 

The extra possibility in type which was found in 11.16 is ruled 
out by observing that in that case the torus of 11.14 has more than 
3 weights in the representation (which readily follows by using the 
formulas of [7, p. 256-257] and the results of [10, p. 20-05]). 

Typ6 Cl (/^2). We have G=Sp 2 /. The representation with highest 
weight is the standard one. Let again V=K^\ let be the 

canonical basis. We introduce a nondegenerate alternating bilinear 
form < , > on F X L by 

/ 21 21 \ ^ 

{ Eyi^i)= E(^..v.+/-^i+iyi)- 

\i= I i=l / i = 1 

G is the group of linear transformations of V leaving this form invariant. 
S being as in case Di, we obtain the admissible triple 

(6) \ Sp2 h S). 

In the remaining possibilities for case 2, where G is of type it is 
known that the irreducible representations which are involved, those 
with highest weights and are of dimension 27, see [10, p. 20-05]. 
Moreover one is the contragredient of the other. This follows from 
[loc.cit., p. 20-10], using what Wq is in this case, see [7, p. 261, last 2 lines]. 
Let p be the representation with highest weight It is known that p(G) 
is isomorphic to G, so that we may take G = G, the simply connected 
group of type . 

An explicit check shows that the 1 -dimensional torus (which is 
given by 11.14(i)) has 3 distinct weights, with multiplicities 1, 10, 16, 
respectively (the weights of xui are explicitly given in [10, p. 20-05]). We 
call the resulting admissible triples the 6 xc6ptional ones. Since the two 
representations involved are contragredient, it follows that there is 
essentially only one such admissible triple. 

We have now, via a case by case check, also proved the following 
partial converse of 1 1.14 for case 2. The notations are as in 1 1.14. 
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11.18 Proposition. Let oceA. Suppose either that a has coefficient 2 in 
— or that char(X)=t=2 and a has coefficient 1 in — Let 
p: G-^GL{V) be an irreducible rational representation such that T has 
highest weight ( respectively 2wJ in V. Then (K p(G), p{SJ) is admissible 
and in case 2. 

11.19. Let (K G, S) be admissible with G not quasi-simple. This case still 
remains to be dealt with. We use the notations of 11.17. The results of 
11.7 together with the remark made in 11.17, at the end of the discussion 
of type A I (case 1), shows that we must have in that case that G^ c^SlL^, 
G2^^S1L„, 1^2 = K”. Hence Instead we take 

the space of m x n matrices. It then readily follows that we may take now 
G = SIL^ X SIL„, acting in „ via the representation p with 

p(Z, Y)Z = XYZ-\ 

where XeSIL^, TeSlL„, ZeM^ 

Hence in the present situation we have as possible admissible triples 

(7) (M^,„,p(SIL,xSIL„),p(S)), 

where S is a certain 1 -dimensional subtorus of SIL^ x SIL„. 

Let (eij) (l^i^m, be the canonical basis of „ . Then it is 

readily seen that one can take p(S) to be the torus consisting of the 
linear transformations s of „ with 

O ^ IW ft fft " ft ^ 

seij = x^”~^~^eij if /= 1, or 7 = 1 and (/,;) + (!, 1), 
s = X ~ " eij otherwise. 

We finally establish the result which will be the basis of the classifi- 
cation of simple J-structures. Let (K G, 5) be admissible in case 2. Let C 
be the 1 -dimensional torus of nonzero scalar multiplications in V. 

11.20 Proposition. Assume that GC has an open orbit in K ^^’hose comple- 
ment contains a hypersurface. We then have one of the following possibilities 
for G and V (up to isomorphism ) : 

(a) F=M^, the space of rxr matrices (r>l). G is the group of linear 
transformations Zh^ XZY ofM.^, with X, TgSIL^; 

(b) char 4= 2, F=S^, the space of symmetric rxr matrices (r>l). G is 
the group of linear transformations Y \-^XY(X) of S,. with X gSIL^; 

(c) F=A 2 r> ^he space of alternating 2rx 2r matrices (r ^2). G is the group 
of linear transformations Y-^ XY(X) of A 2 r, ^ith XeSJL 2 rl 

(d) F=X2^G=S©2,(r^3); 




§11. Classification of Certain Algebraic Groups 



121 



(e) charK + 2, G = S© 2 ,+i (r^2); 

(f) dim K=27 and G is a simply connected quasi-simple group of type E^. 

We have to prove that the condition on the orbit of GC rules out the 
following kinds of admissible triples: those of the form (5) and (6) and 
those of the form (4) with / H- 1 odd or of the form (7) with m 4= w. From the 
fact that SJLi acts transitively on all nonzero vectors of it follows that 
the orbit condition does not hold for the admissible triple (5). A similar 
argument rules out (6). 

Next consider the last case. We may assume that m>n. There is an 
open orbit U of SIL^xSIL„ in whose elements are the matrices 
with maximal rank n. The complement F of (7 is a closed set inM^ „ and 
one knows that YeF \i and only if the determinants of all n x n matrices 
contained in Y are 0. This shows that at least 2 non-proportional irre- 
ducible polynomial functions vanish on F, so that F cannot contain a 
hypersurface. In the remaining case ((4) with /+! odd) the argument is 
similar. 

Remark. In all the cases of 11.20, the orbit condition is satisfied. This is 
easily checked, except in case (f). There the relation with J-structures, to 
be discussed in the next section will establish the assertion (see 12.4 and 
12.7). 



Notes 

A problem about Lie algebras related to case 1 of the problem of 11.4 was discussed by 
Kostant [20]. Case 1 was first treated (in characteristic 0) by Serre, using a method different 
from the one followed here. For the special case where the multiplicities of the 2 weights 
are relatively prime see [28]. The general case was discussed by him in (unpublished) 
lectures at the College de France in 1967-1968. 

In 2.21 we encountered already a situation similar to the one of case 2 of 11.4, viz. of a 
connected reductive group G and a 1-dimensional subtorus of G such that S has only 2 non- 
zero weights in the adjoint representation of G, which are opposite. It is not difficult to 
classify such pairs (G, 5) with G semisimple, by using the procedure of this section (observe 
that one then has an analogue of ll.lO(i)). A similar situation occurs also in the theory of 
bounded symmetric domains. 
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Let ^ = {VJ, e) be a J-structure, with structure group G. We say that 
is strongly simple if the identity component G° acts irreducibly in V 
Recall that ^ is said to be simple if there are no non-trivial ideals, see 1.3. 

12.1 Lemma, (i) A strongly simple J-structure is simple; 

(ii) //char(X)=(=2 simple J -structures are strongly simple. 

Let 6 ^ = {VJ,e) be strongly simple. The radical of ^ is a characteristic 
ideal of S (see 9.12(i)). It follows that is semisimple. Then 10.22 shows 
that ^ is simple. This proves (i). 

If char(X)=|=2, it follows from 9.7(h) that a G°-stable subspace of V 
is an ideal, whence (ii). 

Let 6 ^ = {VJ,e) be strongly simple, assume dim V>1. 10.21 implies 
that V contains a primitive idempotent element a + 0,e. We use the 
notations of 11.1. So G' is the identity component of the intersection 
GnSL(F), S' is the 1-dimensional torus constructed in 11.1 and C is the 
1 -dimensional torus of nonzero scalar multiplications in V. 

12.2 Proposition. {V, G', S') is admissible {in the sense of 11.4). S' has three 
weights in V and G° = CG' has an open orbit in V whose complement con- 
tains a hypersurface. 

That S' has three weights in V follows from what was said in 11.1. It is 
then clear that {V, G', S') is admissible. Let N be the norm of 6^, see 1.4. 
By 1.13, the orbit G° -e is open. Its complement contains the set of all 
points where N vanishes (by 1.5). This implies the last statement. 

The results of § 1 1 can now be invoked to give the classification of 
strongly simple J-structures. But before doing this we first establish 
some general facts, which we shall need. For AT, cr and invariant bilinear 
forms see §1. 

12.3 Proposition. Let £^ = {V, j, e) be a strongly simple J-structure. 

(i) The norm N of ^ is a irreducible polynomial function; 

(ii) The standard symmetric bilinear form a is nondegenerate, every in- 
variant bilinear form on VxV is a multiple of o; 
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(iii) The structure group G of 6T is the group of all nonsingular linear trans- 
formations of V which leave the norm N invariant up to a nonzero scalar 
factor; 

(iv) j is uniquely determined by N and e. 

Let B be a nonzero invariant form on Lx in the sense of 1.22. Such a 
form exists by 1.24. Put R — {xeV\B{x, L) = 0}. Clearly B is a G°-stable 
subspace of V. ^ being strongly simple, we must have R = {0}. Hence B 
is nondegenerate. If B^ is another invariant bilinear form there exists 
aeK such that B^—aB is degenerate, hence B^=aB. 

Next let F be an irreducible factor of iV, assume that F{e) = l. Let B 
be as in 1.24, it is nondegenerate by what we just established. Let 
be a basis of V, let {e'^ be the dual basis with respect to B (i.e. 
BiCi, e'j) = dij). It then follows from §1,(14) and §1, (21) that 

jx= j;F(x)-\dF)Aei) e'i, 

t = l 

if X is invertible. But this shows that the denominator N of j must divide F, 
which can only be if F = N. This establishes (i). 

If we take F = N in 1.24, we see from § 1, (1 1) that the form B is just 
the standard bilinear form a. (ii) now follows from what was already 
established. 

Let geG. 1.5 shows that there exists aeK* such that 

(1) N{gx) = aN{x) (xeV). 

Conversely, suppose that geGL(V) satisfies (1). Denote by (g')~^ the 
transposed of g with respect to the nondegenerate symmetric bilinear 
form (J. It follows from §1, (11) that we have 

o{jigx),gy)^N{gx)-\dN)^^{gy), 

which equals oijx, y), as follows from (1). Hence 

y)=(^(jx,y), 

if X is invertible, for all ye K The nondegeneracy of a shows that g is in 
the structure group G of S. This proves (iii). 

By 1.18, N and e determine cr. (iv) now follows from § 1, (11) and the 
nondegeneracy of a. 

12.4 Corollary. Let ^ be as in 12.3, let g^g' be the standard automorphism 
of the structure group G. 

(i) For any rational character c of G we have c{g')==c{g)~^ ; 

(ii) The semi-invariants of ^ are the scalar multiples of the powers of N ; 
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(iii) The complement of G° • e contains only one irreducible hypersurface, 
namely H={xeV\N{x) = 0}. 

(Semi-invariants were defined in §1, just before 1.13.) We may assume 
dimF>l (otherwise the assertions are trivial). Let G° = CG', with G' 
semisimple, C being the torus of scalar multiplications (see 12.2). Let 
geG\ he C. Since the semisimple group G' equals its commutator group, 
we have c{gh) = c{h), for any rational character c. The definition of the 
standard automorphism (see 1.3) shows that h' = h~^. Hence c({gh)') = 
c {h') = c{h)~^ =c{gh)~^, proving (i). 

Let F be a semi-invariant of ^ As in the proof of 1.12 one sees that the 
irreducible factors of F are also semi-invariants. So we may assume F 
to be irreducible, we may also assume that F(e)=l. 

Let c be the rational character of G defined by §1, (12). Then c(g) = 
F{ge) and F{j{ge)) = F{g' • e) = c{g') = F{ge)~\ by (i). Hence F{jx) = 
F{x)~^ if X is invertible. It follows that F divides a power of N, hence 
F = N hy 12.3 (i). This establishes (ii). 

The complement S = V— G° • c is closed in V, hence a union of irre- 
ducible closed sets. The connected linear algebraic group G® permutes 
the (finitely many) irreducible components of S, hence stabilizes each of 
them. Let JT cz 5 be an irreducible hypersurface, it is an irreducible com- 
ponent of S. We have that • H = H. There exists an irreducible poly- 
nomial function F such that H ={xeV\F{x) = 0}, which is unique up to 
nonzero scalars. It follows that F is a semi-invariant of hence by (ii) 
F is a scalar multiple of N, which proves (iii). 

We can now prove that a strongly simple J-structure is completely 
determined by the action of its structure group. 

12.5 Theorem. Let 6F = {V,j,e) and 6^' = (V\f,e') be two strongly simple 
J-structures, with structure groups G and G', respectively. Let (j) be a linear 
isomorphism ofV onto V', such that induces an isomorphism 

of G° onto (G')°. Then and 9^' are isomorphic. 

Let (j>e=f. Since the G°-orbit of ^ in L is open by 1.13, it follows that 
(G')° • / is open in V. Hence / lies in the unique open orbit (G')° • e' of 
(G')° in V'. Let /le G' be such that hf=e'. Replacing (/> by /z o (/>, we are in 
the situation that we have 4>e = e'. 

Let N and N' denote the norms of 9 and 9'. From 12.4 (iii) we 
conclude that there exists aeK* such that N'{(l)x) = aN{x) (xe F). More- 
over, from (j)e = e' it follows that a=l. But then 1.18 implies that, a and 
a' denoting the standard symmetric bilinear forms, 

(T'((/>x,(/)y) = (7(x, y). 

By 12.3 (ii) a and a' are nondegenerate. Now § 1, (1 1) implies that f °(j> = 
(j) o 7 , which shows that (p is an isomorphism of J-structures. 
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12.6 Classification of strongly simple J-structures. We now come to the 
main object of this section, viz. the classification of strongly simple 
J-structures. 

We list below the special J-structures introduced in §2 and §5, 
together with the dimension n of their underlying vector space and the 
degree d of their norm (see §2 and §5). In the last column we have in- 
dicated when the corresponding J-structure is strongly simple. These 
results follow from what was established in 3.8 and just before 5.15. 



J-structure 


n 


d 


Strongly simple 






r 






ir(r + l) 


r 


r^l,char(iC) + 2 




r(2r-l) 


r 




(!?2,r(charX + 2) 


r 


2 


r^3 


6?^’,(charX = 2) 


2r 


2 


r^2 


^ 3 ' 


27 


3 


yes 



The next theorem shows that these are all the strongly simple J-structures. 

12.7 Theorem. Let ^ be a strongly simple J-structure. 

(i) //char (X) =t= 2, then ^ is isomorphic to one of the J-structures Ji^ (r ^ 1), 
^,(r^2),<(r^3), (p2,r{r^5% 

(ii) //char (X) = 2, then is isomorphic to one of the J-structures J(^ (r ^ 1), 

(iii) No two of the J-structures listed in (i) and (ii), respectively, are iso- 
morphic. 

First observe that (iii) is a consequence of the fact that the J-structures 
listed in (i) and (ii) can be distinguished by the values of n and d. Also 
observe the following isomorphisms : 

^ 2,3 — <^ 2 y (^ 2 , 4 . — ^ 2 ^ ^ 2,6 — ^2 (if char (X) + 2) , 

6 ? 2 , 2 -^ 2 > (ifchar(X)= 2 ). 

The first isomorphisms are trivial, the others follows from the dis- 
cussion of 5.1 (taking into account the properties of dis- 

cussed in §2). It follows that all strongly simple J-structures listed in 12.6 
occur among the ones listed in 12.7(i) and (ii). 

If dim F= 1, we know by 2.19 that ^ is isomorphic to . So assume 
now dimF>l. We use the notations introduced just before 12.2. It 
follows from 12.2 that 11.20 is applicable, so that we have the possi- 
bilities of 11.20 for G' and V. 
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We now determine, for each of the J-structures listed in (i) and (ii) 
the corresponding case of 11.20. First let ^ = ^ 2 ,r (char(X)=t=2, r^2). 
From 2.18 it follows that we have G' = S©^. But then we must have 
case (d) or (e) of 11 . 20 , these being the only ones where a group S©^ 
occurs. Similarly, if char (K) = 2, and if = d? 2 ,r » we have case (d) of 1 1.20. 

Next a consideration of dimensions shows that <^3 corresponds to 
case (f) of 11.20 (which is the only one where the dimension 27 arises). 

It remains to identify Ji ^ , and . This can be done by distinguishing 

them by comparing the different values of n and d. Comparing with the 
results of 11 . 20 , taking into account the isomorphisms in low dimensions 
stated above, one concludes that corresponds to case (a), (char(X) =j= 2 , 

r ^ 2) to case (b) and ^ 3) to case (c) of 1 1.20. But now we see that all 
cases listed in 11.20 come from J-structures. 

Moreover 12.5 shows that to each case there corresponds only one 
strongly simple J-structure (up to isomorphism). This implies that (i) 
and (ii) give all strongly simple J-structures if char(X)=|=2 or char(X) = 2, 
respectively. 

12.1 shows that the preceding theorem gives the full classification 
of simple J-structures if char(X)=|=2. By what was remarked in the first 
paragraph of 9.8 we then also obtain the classification of simple Jordan 
algebras if char (X) =1= 2. In characteristic 2 we still have to deal with simple 
but not strongly simple J-structures. This will be done in the next section 
(it will be seen that such J-structures are those of types and d? 2 ,r)- 

12.8 Simple associative algebras. As another application of the results 
of Section 11, we shall indicate how to obtain Wedderburn’s theorem on 
the structure of simple associative algebras, over the algebraically closed 
field K. 

Let A be a finite dimensional associative algebra over K, with identity 
element. Recall that A is said to be simple, if {0} is the only proper 
twosided ideal in A. 

12.9 Theorem. Let Abe a simple associative algebra. Then A is isomorphic 
to a matrix algebra M^. 

We may assume that dimv4>l, otherwise the assertion is trivial. Let 
/{A) be the J-structure defined by A (see 2.1). Denote by A* the group of 
invertible elements of A* is a connected linear algebraic group. Let 
HczGL(A) be the group of linear transformations of the form x\-^ a xb~^ 
(a, 6 gA*), this is a connected linear algebraic group. 

If / is an //-stable subspace of A, then A*/^*cz/, hence AIAczI, 
so that / is a twosided ideal. The simplicity of A now implies that H acts 
irreducibly in A. Since we know by 2.1 that H is contained in the structure 
group of /{A), it follows that /{A) is strongly simple, hence isomorphic 
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to one of the J-structures of 12.7. However we shall not apply 12.7 here, 
but use instead the results of Section 11 directly. We only use the strong 
simplicity of ^{A) to obtain the existence of a primitive idempotent 
a + einA{of course, this can also be deduced directly from the simplicity 
of the associative algebra A). 

Let Sa be the 1 -dimensional torus of 10.2. Using 2.2 one sees that 
S^ciH. Let H\ S' be the identity components of the intersections of H 
and S with SL{A\ respectively. It follows as in 12.2 that {A, H', S') is an 
admissible triple in the sense of 11.4. Moreover, H' is not quasi-simple, 
and H has an open orbit in A whose complement contains a hyper- 
surface. It follows that we must be in case (a) of 1 1.20. 

Hence there exists a linear isomorphism cf ) : A and isomorphisms 

of linear algebraic groups A*-^GJL^ 0 = 1,2) such that (j){e) = e and 
that 

(l){axb ^) = il/i(a) (j>{x)il/ 2 {b) ^ (a,beA*,xeA), 

Putting x = b = e,wQ obtain (a) = (/>(«), likewise il/ 2 {a) = (l){a). It follows 
that 0 is an isomorphism of A onto M^. 

Notes 

Using §6 one obtains from 12.7 Albert's classification of simple Jordan algebras over an 
algebraically closed field of characteristic =f=2. We leave it to the reader to work out the 
details. For a treatment of this subject which is more elementary than the one given here 
see [8, X] or [14, Chapter V]. We shall discuss the case of an arbitrary groundfield in §15. 

It would be interesting to have a group theoretical determination of simple Artin rings, in 
the manner of 12.9. 
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In this section we shall complete the determination of the simple J-struc- 
tures by determining the simple ones which are not strongly simple. 
6^ = (VJ,e) denotes a J-structure, with structure group G. First we 
establish some results about G°-stable subspaces of V. 

13.1 Lemma. Let We Vbe a G^-stable subspace of V. 

(i) We have P{W, W) Va W, P{V) Wa W; 

(ii) W' = {we W\P{w) VeW} is an ideal of 

That P{V)WczW is established as in the proof of 9.7. If Wi,W 2 gU^ 
geG then 1.16(i) and §3, (10) imply that 

P(wi , W2) (g e) = (g') - 1 P(g' • Wi , g' • W2) e = (g') ~ ^ P(g' • Wi , e) g' • W2 

ig^g' denoting the standard automorphism). From P{V)Wc^W it 
follows that P{V,V)WczW The preceding formula then shows that 
P{W, W)(G° -e)czW, whence P(W, W) Vcz IT (using 1.13). 

To prove (ii), first notice that (i) implies that W' is a subspace of W 
By 9.6 it suffices to show that P{V)W'czW' and P{W')VczW'. Let 
veV, weW'. Then we have by §3, (6) 

P{P{v) w) V=P{v) P{w) P{v) Va:P{V) Wcz W 

and 

P{P(w) v) V = P{w) P(v) P(w) VciP(w) P{v) W^W, 
establishing the required results. 

Now assume that 5^ is simple, but not strongly simple. It follows 
from 9.7 (ii) that we must have char(X) = 2. 

13.2 Lemma. Let WczVbe a proper nonzero subspace which is G^-stable. 

(i) If weW, P{w)V<^W then w = 0; 

(ii) No primitive idempotent of ^ is contained in W 

(i) is a consequence of 13.1 (ii). (ii) follows from (i) if one bears in mind 
that if a is a primitive idempotent we have P{a) V — Ka, by 10.3 (ii) and 
10 . 21 . 

We next deal with a particular case. 
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13.3 Proposition. Let 9^ be simple with dim V>1. Assume that there exists 
a nonzero xeV such that G°{Kx) = Kx. Then the degree of 9 is 2 and 9 
is a J -structure defined by a nondegenerate, defective quadratic form. 

The J-structure defined by a quadratic form Q was introduced in §2. 
Recall that Q is said to be defective if the associated bilinear form 
Q ( , ) is degenerate. 

Let X be as stated. Then 1.16(i) shows that P{x) K is a G°-stable 
subspace. Moreover P(P{x) V) V a P(x) V. 9.7 (i) now shows that P(x) V 
is an ideal. If it were the zero ideal, we had {gxf = P{gx) e = 0 for all 
geG and x was a radical element of 9 (see 9.10). Since x=|=0 this contra- 
dicts the semisimplicity of 9 Consequently we have P(x) V=V, hence 
P(x) is invertible. 

Assume that S e G° is a torus. There exists a character a of S such that 
sx = s"x (sgS). 

Let y be a nonzero weight vector for S in K with weight b. 

From 1.16(i) it follows that 

s{P{x) y)-s^"-^(P(x) y). 

Since P(x)y=|=0 we see that 2a — bis also a weight of S in K 

Now let ai,...,a^ be a set of mutually orthogonal idempotents 
with sum e. Applying the preceding remark to the torus 

S={P{ti Oi+ ••• 

of 10.26 (iii) we conclude from the form of the weights of S in F (see 10.27) 
that we must have h^2. 

Let d be the degree of the norm N. Choose aeV such that it has the 
property of 8.3 and that none of its powers is 0 or e (using 8.3 and 9.17 
one sees that the set of these a is open and nonempty). 

Let a = as + a„ be the Jordan decomposition of 8.9. We can write 
a^ as a linear combination of primitive idempotents (by 9.14 and 10.19) 
and the number of these is 2, by what we established in a preceding 
paragraph. Our choice of a now shows that there is a primitive idempotent 
b such that e — bis also a primitive idempotent and that aseKb + K{e — b). 

fc is a linear combination of powers of a^, hence also of powers of a 
(by 8.9). It then follows from § 3,(20) that P{b, e) a„ = 0, whence a„eKb-{- 
K{e — b), by 10.3(h) and 10.21. This implies that a„ = 0. Applying 10.29 
we obtain that d = 2. 

Then we have seen in 5.1 that 9 is a. J-structure defined by a quadratic 
form. Since 9 is simple, it follows from 9.11 that the quadratic form must 
be nondegenerate. What was said in 3.8 then implies that the form is 
defective. 

Let again 9 be simple but not strongly simple. Assume that W^V 
is a maximal G°-stable subspace. Then G° acts irreducibly in V/W and 
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W+{0}. Let a be a primitive idempotent of By 13.2(ii) we know that 
a^W. Let Sa be the 2-dimensional torus defined in 1 0. 1 , let K= 0 ^ 

be the Peirce decomposition defined by a. 

The following lemma, which is proved by using the results of sec- 
tion 11, contains the crucial step in the classification. 

13.4 Lemma. Assume that W does not contain a -stable subspace of 
dimension 1. Then VJc^W. If dim V/W=r, we have dim — 

Let WiCzW he a nonzero G°-stable subspace of PP^ in which G° acts 
irreducibly. We have dim PPi >l. Let U be the unipotent radical of G°, 
put H = G°/U. Denote by S the canonical image of in H. H acts irreduc- 
ibly in F/PTand , moreover S has at most 3 weights in the first representa- 

tion and at most 2 in the second one. 

In fact, the weight vector a of determines a weight vector for S 
with multiplicity 1 in V/W and the corresponding weight of S cannot 
occur in . 

H being reductive, there exist quasi-simple linear algebraic groups 
ifi, a torus A and a central isogeny 

n: = - xH,xA-^H. 

Let p and a denote the irreducible representations of H' in V/W 
and , obtained by composing with n the corresponding representations 
of H. If dim V/W = 1 we must have P^' cz PF and the lemma is proved. 

If dim F/PP^>1 then S has at least 2 distinct weights in V/W, hence S 
cannot be a central torus of H. It follows that S has 2 distinct weights in 
W^ (if not, all elements of G° had to act as scalar multiplications in W ^ , 
and V had a G°-stable subspace of dimension 1). 

11.6 and 11.7 now imply that we may assume there exists a 1-dimen- 
sional torus 5i in such that (t{S) = K* • cr(5i x {!}), so that S comes 
from the quasi-simple group H^. But it then follows from 11.7 that p is 
trivial on {1} x H 2 X x H^x A. 

Identify with a subgroup of H'. Then (V/W, p{H^), p{Sfi) is an 
admissible triple in case 1 with a weight vector of multiplicity 1, or in 
case 2 (in the sense of 1 1.4). Also, there is a decomposition PP^ = PP^' ® PP^" 
and an irreducible representation cr' ofM^ in W/ such that (PP^', cr'(iSi)) 

is an admissible triple in case 1. Moreover, p and a' are inequivalent 
irreducible representations of H^, since they behave differently on S^. 

We now have the following situation: is a quasi-simple linear 

algebraic group, a 1-dimensional torus in H^, p and o' two irreducible 
representations of in the spaces V/W and W{, respectively, such that 
(V/W, p(H^), p(Sfi) is admissible in case 1 or 2 and that (W{, o'(H^), o'(Si)) 
is admissible in easel. Moreover, if (V/W, p(H^), p(Si)) is in case 2, the 
2 weights of in W{ occur among the 3 weights of Si in V/W. We shall 
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apply the classification of admissible triples given in Section 11 to 
discuss this situation. 

As in 11.5, let Tbe a maximal torus of containing and choose 
compatible ordenings on the character groups X(T) and X(Si). We use 
the notations of 11.16. From what we established there, it follows that 
the cases which arise can be described as follows. 

Denote by m and w' the highest weights of the first and second 

representations (p and cr', respectively). The situation (B) of 11.14 cannot 

occur if the representation p is in case 2 , hence there is a simple root a 
such that = (notation of 11.14(i)). 

(a) Si has 3 weights in V/W and 2 in Wi. 

The cases are the following. 

Type^^: a = a 2 , vj = m 2 , w' = mi or Wi, 
oc = oc^_j^, xn = TUi_i, XD = or xui^ 
a = oci , xd = 2xDi , xu' = xUj (1 <;</), 

Ot = (Xi , XU = 2xDi , XJj' = XDj ( 1 < 7 </). 

TypeB^: a = a^ , xd = xDi , xu' = xui. 

Type Dp. (x = (Xi , xu = xDi , xu' = xui_i. 

(From the discussion of 11.16 we also obtain some extra possibilities for 
types D 4 and D 5 . However those in case lead to the transforms of 
the previous case by one of the outer automorphism of a group of type D 4 , 
so do not lead to anything new. From the discussion in 11.17 it follows 
that the extra cases in type D 5 are impossible ) 

The last 2 possibilities in type Ai can be ruled out, since in charac- 
teristic 2 the torus Si has only 2 weights in the irreducible representations 
with highest weight 2 xdi and 2 xui (see the discussion in 1 1.17). 

The cases of types Bi and Di are also impossible: in that case Si has a 
zero weight in the representation p, with multiplicity >1 (see 11.17), 
whereas a' is a spin representation, where a weight 0 does not occur. 
It is also easily seen that it suffices to deal with the first case in type Ap a = 
(X 2 , xu = xd 2 , xu' = xifi or xjji. We shall show that this case is impossible. 

The map W x V-^V with (w, i;)i-> P(w) v defines (using 13.1(i)) a map 
F: WiX V/W^V/W which is biadditive and linear in its second variable. 
Moreover F{ax,y) = a^ F{x,y) (aeK). From 13.2(i) we see that F+0. 

The standard automorphism of G induces an automorphism h\->h' 
of Hi and from 1.16(i) we see that 

F{a{h) X, p(h') y) = p{h) F(x, y) (xe Wi,ye V/W, heHi). 

Let be the transform of a by the Frobenius automorphism, let p' be 

the representation h\-^ p{h!) of Hi. The last formula then shows that p is 
a quotient representation of the tensor product g^^^ ® p'. In the case we are 
dealing with, a consideration of the weights of T in the various representa- 
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tions shows that this is impossible. So we conclude that case (a) cannot 
occur. Hence we must have the other case: 

(b) Si has 2 weights in V/W and 2 in 

One possibility is the one we already mentioned in (a) : 

oc = iXi, m = 2w^, m' = xUj (l<j<l) (resp. a = a/ , m = 2 . 

In that case we do indeed have VJ=W. Moreover a comparison of 
weights of 2nJi and Wj (using the results of 11.17) shows that the only 
possibility isj = 2 (resp.y = / — 1). The representation in F/lThas dimension 
r = / -h 1, that in is the second exterior power representation, of dimen- 

sion ^r(r — 1). This establishes the assertion in that case. 

There might be another possibility in type Ai\ 0 L = oi^,w — Wy^,w' = w^ 
(1 <7 < /). However the discussion of 1 1.17 shows that then the representa- 
tion in V/W and have no common weight, hence this case is impossible. 
This concludes the proof of 13.4. 

We can now determine the simple J-structures which are not strongly 
simple. 

13.5 Theorem. Suppose that 9^ is simple but not strongly simple. Then 
char(X) = 2 and ^ is isomorphic to (92,r (^^2) or (r^3). 

We have already observed that K must have characteristic 2. If V contains 
a 1-dimensional G°-stable subspace then either dim V=1 (which is 
impossible) or is isomorphic to ^2 ^ by 13.3. So we may assume that 
we are in the situation discussed in 13.4 and we have to prove that ^ is 
isomorphic to (r ^ 3). 

Let W be as in 13.4. Let a^, ...,a^ be a set of mutually orthogonal 
primitive idempotents of with sum e. Denote by S cz the r-dimen- 

sional torus consisting of the linear transformations P{ti h^a^) 

(t^eK*), let 0 1^, be the decomposition given in 10.27. 

We have Vgs = Kas by 10.21, moreover 13.4 shows that VstCzW (s + t), 
hence V/W is spanned by the images of the a^ (observe that by 13.2(h) 
no a^ lies in W). Let veVst {s + t\ we K,. By considering the action of S 
one sees that P{v) weW, unless or Vtt and that P{v)as = Qs(v)at, 

where is a quadratic form on . 

By §3, (6) it follows that 

Qf (t^) a, = P(P(v) a,) a, = P(v) P{a,) P{v) a, = (v) Q, (v) a, , 

from which it follows that Qs{v) = Qt{v) (veV^,). This implies that 



P{v)W<^W+KQAv)(a, + a,). 
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13.2(i) then shows that Qs{v) = 0impliQSv = 0, which gives that dim 
Since dimty^^r(r — l)by 13.4,wemusthave dimP^, = l, dimP^= ^r(r — 1). 

Let a^t be a nonzero element in with ast — as-\-af. Put ass — Us, 
We define a linear isomorphism </> of F onto the space of symmetric 
r X r matrices by 

r 

0( ^St ^St) ^^SS^SS^~ ^ ^ts) 9 

s=l l^s<t^r 

where is the canonical basis of the matrix algebra M^. 

We shall prove that cj) is an isomorphism of J-structures of ^ onto .9^. 
It is clear that (^(e) is the unit matrix. Using 1.16(iii) one sees then that cj) 
will be an isomorphism if we have the following relation for the quadratic 
maps of and 

(1) 0oi^(x)=J^^(</>(x))o(/) (xeV). 

To prove (1) we determine the elements P{ast)aj,i and P{ast,aki)a^„ 
and we show that their values are consonant with (1). By considering the 
action of the torus S one sees that the nonzero elements of this form 
occur among the following ones ; 

^sfc) > ^{^st 9 ^kl) ^St 9 9 ^sk 

(that the others are 0 is in accordance with (1)). 

We shall prove, as an example of the determination of the above 
elements, the following formulas: 



(a) 


^SS 


(s+t), 


(b) 


^st ^st 


(s + t), 


(c) 


P{cigt 5 ^sk) ^st ^sk 


(s, t, k distinct) 



The proof of these formulas will show how to proceed, and the reader 
will have no difficulty in completing the argument. 

First remark that, by using the action of 5, one sees that the formulas 
to be proved are true op to a scalar factor. Since = we have 

P{aJ e = P{a,,) (a, + a,) + whence (a). 

Let P[a^^ Qst = ca^^. We have 

(a, + a,) = P(P(aJ a„)e = P{aJ^ e = P{a„f (a, + a,) = a, + a„ 

by (a), hence c = l. This proves (b). 

Put P(a„,a,fc)a,, = ca,fc. Applying §3, (7) with x a,„ y = z = 
we obtain 

P{a,k) + P(P{aJ a„ , P(aJ a,,) = P(a„)^ P(aJ 

+ Pi^sk) P(<^stf + Pi^st , ask) P(ast) P{as, , ^sk) ■ 
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Since P(as^)as,=0, this gives 

^sk + Pi^sk) + P{(^st , ^sk) P(^st) P{^st » cisk) e . 

Inserting the values of and and using (a), we see that 

C {Qg + dg-\- P{dgf , ^sk) P{^st) P{^st J ^sk) ^ • 

Now the third term in the right-hand side lies in W, whence we conclude 
that it must be 0. It follows that c = l. 

13.6 Theorem, (i) A simple ^structure is isomorphic to one of the J-struc- 
tures M, (r^l), ^ (r^2), (r^3), ^ 3 , (char(X) + 2, r^5), &^,r 

(char(X) = 2 , r^3), (char(X) = 2 , r^ 2 ). 

(ii) No two of the J-structures listed in (i) dre isomorphic. 

(i) follows from 13.5 and 12.7. The proof of (ii) is like that of 12.7(iii). 

13.7 Corollary. Let char(X) = 2. Let ^ be d simple J-structure. Then ST 
is separdble. 

This follows from 13.6 and 7.9. 

We now discuss some characterizations of simple and strongly 
simple J-structures, which are consequences of the classification theorems. 
We denote by N and o the norm and standard symmetric bilinear form 
of the J-structure ST. 

13.8 Proposition, (i) ST is simple if dnd only if N is d nondegenerdte 
irreducible polynomidl function; 

(ii) ST is strongly simple if dnd only if ST is simple dnd a is nondegenerdte. 

If ST is simple, then the classification theorem 13.6 together with the 
determination of norms in §2 and §5, shows that N is nondegenerate and 
irreducible. 

Assume that ^ is not simple, let / 4 = K be a nonzero ideal. Denote 
by J a complementary subspace of / in K Put j x=j^x-\-j 2 X, where 
jfx)el, j 2 {x)eJ {x invertible). and 72 are rational maps of V into 7,7 
respectively. 

The definition of ideals (see 1.3) shows that 72(^ + j)=J 2 W if ^ is 
invertible and ye I. Let be a denominator of ji (i = 1, 2). The polynomial 

functions are divisors of N. We have A 2 (x + y) = A/ 2 (x) {xeV, ye/). 
If N is irreducible we must have N 2 = cN, but then N is degenerate. 
It follows that if ^ is not simple, N is degenerate or reducible. This 
concludes the proof of (i). 

If y is simple but not strongly simple, then 13.5 and the results of §2 
show that (7 is degenerate, (ii) now follows from (i), using 3.7. 
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13.9 Proposition. 9^ is a direct sum of strongly simple J-structures if 
and only if a is nondegenerate. 

If 5^ is a direct sum of strongly simple J-structures then it follows from 
13.8(h) that a is nondegenerate. 

Conversely, if a is nondegenerate, the definition of o (see 1.11) shows 
that N must be nondegenerate. Then 9.11 shows that ^ is semisimple, 
hence a direct sum of simple J-structures by 10.22. By what was said in 
1.25, each of these has a nondegenerate standard symmetric bilinear 
form, hence is strongly simple by 13.8(h). 

13.10 Corollary. If char (X) 4= 2, then 9^ is semisimple if and only if a is 
nondegenerate. 

If char (X) 4= 2, simplicity and strong simplicity coincide. 13.10 now 
follows from 13.9 and 10.22. 

Notes 

The classification of simple J-structures given in 13.6 is closely related to the classification 
of simple quadratic Jordan algebras over an algebraically closed field, which is given in 
[15, p. 3.61]. Using 7.10(i) one sees that the latter result implies 13.6. Conversely, by 7.10(ii) 
we have that 13.6 is equivalent to the determination of the separable simple quadratic 
Jordan algebras. A posteriori, it follows from the classification that all simple quadratic 
Jordan algebras are separable. If a direct proof of this fact were available then 13.6 could 
be considered to be equivalent to the classification of simple quadratic Jordan algebras. 
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In this section we discuss in detail the structure groups of the various 
simple J-structures of the preceding sections. We also investigate the 
various Lie algebras introduced in §4. Before doing so we establish some 
auxiliary results about root systems and derivations of Lie algebras. 
Throughout, p denotes the characteristic of K. 

14.1 A lemma on root systems. Let R be a finite dimensional vector space 
over IR, let T be a root system in V, in the sense of [7, p. 142], with Weyl 
group W. Let ( | ) be a positive definite VL-invariant scalar product in 
K X R. If aer we denote by the reflection in R defined by a. Let A a I 
be a set of linearly independent roots. 

We attach to d a graph r(A) as follows. The vertices of r(A) are the 
elements of d ; if a, jSed then {a, jS} is an edge of r(d) if and only if and 
Sp do not commute. Moreover let / be the map of the set of edges of r(d) 
into Z defined by the following rule. Let {a, jS} be an edge, let m^p be the 
order of Sp, let 8*^= — sgn(alj8). Then 

/({a. )?})=£«/! wiojs- 

Notice that / is independent of the choice of the scalar product. 

We call the pair (r(d),/) the Coxeter graph defined by d. If d is a 
basis of r, then (r(d),/) is isomorphic to the Coxeter graph defined by I, 
introduced in [7, p. 189]. We need the following converse. 

14.2 Lemma. Assume that (r(d),/) is isomorphic to the Coxeter graph 
of Z. Then A is a basis of I. 

Let 5={xei^|(x|x)=l}, let p be a nonzero measure on the sphere S 
which is invariant under all linear isometries of R (with respect to the 
scalar product)^ Let C be a chamber in R relative to W, in the sense of 
[7, p. 73], let C be its closure in R. Then F=CnS is a fundamental 
domain in S for the action of IT on 5 (as follows from [loc.cit., Theoreme 2, 
p. 75]), from which one concludes that p{S) = p{F) \ W\ {\W\ denotes the 
order of W). 
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Let be the subgroup of W generated by the reflections with 
aed. Let D = {x6jR|(x|a)>0 for all aed}. Clearly D contains a chamber 
Cl of V relative to W^. Put DnS = G, C^nS — Fi. From the assumption 
that {r{A),f) is isomorphic to the Coxeter graph defined by I it follows 
that there exists an isometry t of R with t{C) = D, whence t(G) = F, Hence 
fi{F) = fi{GX consequently fi{Fi)SiJ,{F). 

Since 

n{S) = fi(F,)^\W,\^fi{F)^\W\^^{S), 
we find that W=W^, F = F^^, C=C^. This implies our assertion. 

14.3 Some results on derivations of Lie algebras. Let G be a reductive 
linear algebraic group, let T be a maximal torus of G. Let I be the root 
system of G with respect to T Denote by X the character group of T and 
by Y the subgroup of X generated by I. We denote by L(G), L(T), ... the 
Lie algebras of G, 7^ ... . 

Our aim is to prove a result about derivations of L(G) (viz. 14.5). We 
need an auxiliary result about tori, which we first establish. If a is a 
character of a torus 5, then da denotes its differential, which is a linear 
function on L(5). 

14.4 Lemma. Let S be a torus with character group Z. Let be a sub- 
group ofZ such that ZjZ^ has no p-torsion if p>0. Let U = Ker a. Then 
U is an algebraic subgroup of S with Lie algebra 

L{U)= f] Ker (da). 

aeZi 

That U is an algebraic subgroup is clear. Let 

Zi=3Z2=5---^Zfc=.Zfc + i={0} 

be a sequence of subgroups of such that ZfZi^^ is cyclic. Clearly Z/Z^ 
has no p-torsion. Let Ui= f] Ker a. Then 

aeZi 



We use induction on k. Suppose k>l and that the assertion has 
already been established for smaller values of L Then we may assume 

L(C4) = Ker(da,) 

where % is a suitable generator of Uj , . The induction assumption, applied 
to the identity component of (which is a torus) then establishes the 
result. 
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Hence we are reduced to proving the statement in the case fc = 1. Let 
a be a generator of Z^. The absence of p-torsion in Z/Z^ implies that the 
differential da is a nonzero linear function on L(5). Its kernel clearly 
contains L{U). Since dim L( U) = dim U = dim S — l= dim Ker {da\ we 
have L(U) = KQT{da). 

Let now G,T,X,Y be as stated in 14.3. Let C be the center of G. 

14.5 Proposition. Assume the following: 

(i) X/Y has no p-torsion (if p>0); 

(ii) If p = 2 then I has no simple component of type ; 

(hi) If p = 2 then all simple components of I have equal root lengths (i.e. 
are of one of the types Ai, Di, Ej, Eg); 

(iv) If p = 3 then no simple component of I is of type G 2 . 

Let D be a derivation of L(G) which commutes with all Ad(t) (te T). Then 
D is a sum of an inner derivation of L(G) (i.e. of the form DX = [A, X] with 
AeL(G)) and a derivation of L(G) into L(C). 

14.6 Corollary. If moreover C is finite then D is an inner derivation. 

14.6 is an immediate consequence of 14.5. We now prove 14.5. The adjoint 
action of T on L(G) can be diagonalized. There exist elements X^eL(G) 
such that we have a decomposition 

L(G) = L(7)© UkX,, 

ael 

(see [1, Theorem, p. 317-318]). 

If a, jSeZ then there exist elements N^peK such that 

lX,Xp-]=N,pX^^p. 

We have N^p = 0if a + Moreover the assumption (hi) and (iv) imply 
that N^p + 0 if (and only if) oc + peZ. In fact, if G is a semisimple adjoint 
group, this is a consequence of results of Chevalley ([9], taking into 
account that in this case G is isomorphic to one of the groups studied by 
Chevalley). 

In the more general case considered here the result then also follows: 
first replace G by the derived group H of its identity component and then 
perform a central isogeny n\ onto an adjoint semisimple group. 

From the fact that dn is bijective on the Lie algebra of the unipotent radi- 
cal of a Borel subgroup one concludes, using that X^eL(H\ that the 
N^p are not affected by such an isogeny, whence our contention about 
theiV^^. 

Since D commutes with all Ad(t), it follows that D stabilizes the sub- 
spaces L(T) and KX^. Hence there exists a function c: I^K such that 

( 1 ) DX, = c{a)X,. 
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The property of just mentioned then shows that 

(2) c(a+)S)=c(a) + cOS), 

if a, jS, x+Pel. 

If HeL(T) then 

[HXJ=da(H)X„. 

Applying D to both sides of this formula and using (1) we find, using 
DL{T)ciL{T), that 

(3) da(DH)=0, 

for oceZ and HeL{T). Since C is the intersection of the kernels of all 
(xel, we find from assumption (i), using 14.4 that L(C) is the subspace 

L(C)= n Ker(da) 

(xel 

of L(T). (3) shows that DL{T)czL{C). 

We next claim that, c being as in (1), we have 

(4) c(-a)=-c(a). 

First assume that a lies in a simple component of I which is not of 
type A^. Then there exists PeEi such that cc + Peli (choose an order on 
such that a > 0 and let B be the basis of determined by that order, 
if aeB then there is PeB such that a + if ol^B there is —peB such 
that a + (2) now shows that 

c(jS) = c(a + j8) + c(-a) = c(a) + c(-a) + c(jS), 

whence (4). 

If a lies in a simple component of type we have p 4= 2 by assumption 

(ii). Then J 4= 0 and d(x{lX^ a]) + 0, as is well-known (and follows 

by a simple computation in the Lie algebra of SIL 2 ). By (1) and (3) we 
find 

0 = da(D[X,X_J) = (c, + c_Jda([X,X_J), 

whence (4). 

Now fix a basis (a^, ...,aj of I. From 14.4 we see that L{C)czL{T) 
is the intersection of the kernels of the doCi. We conclude that there is 
HeL{T) such that 

d(Xi{H) = c{(Xi). 



From (2) and (4) it then follows that 



d(x{H) = c{a), 
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for all OLE I, Subtracting from D the inner derivation defined by H we get 
a derivation of L(G) into L(C). This establishes 14.5. 

14.7 Applications. We discuss a few cases where 14.5 applies. 

(a) G=PdjIL^ (=(CrIL^ modulo its center). In that case condition (i) of 
14.5 is satisfied. In fact we have X = 7 (as in the case of any adjoint semi- 
simple group). The other conditions of 14.5 are also satisfied, except (ii) 
if p = 2, r = 2. 

Apart from that exceptional case, it follows from 14.6 that all deriva- 
tions of L(G) are inner. In the excepted case the statement is no longer 
true, as one checks without trouble. 

(b) p 4 = 2 and G is a semisimple group of type Di or . In that case 

we have that XjY has at most 2-torsion, so that (i) holds. The other con- 
ditions of 14.5 are also satisfied. Since C is finite, 14.6 shows that all 
derivations of L(G) are inner. 

(c) Let // be a connected and simply connected quasi-simple group of 
type E^. It is known (and we have already encountered this in 11.17) that 
H has a irreducible representation p in a 27-dimensional vector space A, 
and that p is an isomorphism of G onto its image. Let G be the algebraic 
subgroup of GL{A) generated by p(G) and the nonzero scalar multi- 
plications in A. G is reductive. 

We claim that we now have, with the notations of 14.5, that X/Y has 
no torsion. We indicate the proof. 

Let be a maximal torus of H contained in T. Let X^ be the character 
group of Tj. The explicit information about H and p which one finds in 
[10, p. 19-07 and p. 20-05] shows that X^ is generated by 7 elements 
Xi, ...,X 6 and s, subject to the relation 3s = XiH hx^. The subgroup 

of Xi spanned by the roots of H with respect to has index 3 in X^, 
it is generated by the elements x,- — Xj, x^ -h x^ • + x^ — s (/, j, k distinct) and s. 
x,-h 7i generates XJY^. 

One then establishes that X is isomorphic to the subgroup of ©Z 
generated by the elements (y, 0) (ye7i), (0,3) and (x^, —1), and that 7 
corresponds under this isomorphism to the subgroup spanned by the 
(y, 0). The verification of these facts is left to the reader. It then follows 
that Z/7 has no torsion. Consequently, all conditions of 14.5 hold, and 
any derivation of L(G) centralizing Ad(T) is sum of an inner one an a 
derivation of L(G) into L(C). 

14.8. After these somewhat lengthy preparations we return to the J-struc- 
tures. Let ^ = (K 7 , e) be a simple J-structure. We denote by G its structure 
group and by G^ the inner structure group (see 1.19). // is the automor- 
phism group of S and C the 1 -dimensional torus of nonzero scalar 
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multiplications of K which is a subtorus of G^. L{A) denotes again the Lie 
algebra of the algebraic group A. 

g and 9 i denote the structure algebra and the inner structure algebra 
of 5, respectively. These were introduced in §4. We have 

9iC:L{Gi)c:L(G)cg, 

as was established in 4.4. Gj acts on g and g^ , inducing trivial action on 
g/gi see 4.4(iii). We also have [g, gjcigi. If Xe^, Tegi we put DxY= 
\_X, 7]. Dx is a derivation of g^. 

We put //j =//n Gj, l) = {XeQ\Xe = 0}, l)i = 9i as in §4 (imme- 
diately before 4.7). 

Then 

L{H,)czL{H)czl) 

and is an ideal in 1). 

14.9 Lemma. Let Xeq. If T is a maximal torus of there exists an inner 
derivation Dy (Leg^) of g^ such Dx — Dy commutes with all linear trans- 
formations Ad(t) (teT). The same statement is true if g, G^, g^ are replaced 
by 1)1 or, if 1)1 c= L(HI by 1), H,, L{H). 

Since Gi acts trivially on g/gi, it follows from the complete reducibility 
of the action of T on g that there exists a T-stable subspace m of g with 
g = gi © m, such that T acts trivially on m.This implies the first statement. 
The others are proved similarly. 

14.10 Lemma, (i) Assume that gi • e has codimension d in V. Then 
dim L(G) — dim gi = dim L{H) — dim ^i + ; 

(ii) Assume that L{G)e has codimension d in V. Then dim g — dim L(G) = 
dim 1) — dim L{H) — d . 

We have dimgi— diml)i=dim F— d = dimG — dim// — d=dimL(G) — 
dim L{H) — d (the second equality following from axiom (J3) and 4.6). 
This implies (i). (ii) is proved similarly. 

14.11 Lemma. Assume that L{G)e= V. Then 

L{H)={XeL(G)\Xe = 0} 

and we have l)i ciL(//). 

Let l)' = {XeL{G)\Xe = 0}. Since He = e, it follows that L(//)el)'. We 
have 

dim G — dim H = dim V = dim L(G) — dim 1)', 

whence dim 1)' = dim if = dim L(//). This implies that L(//) = l)'. That 
l)i czL(//) is now obvious. 
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14.12 Lemma. Let 6^ be a arbitrary J-structure ( not necessarily simple). 
Assume that the standard symmetric bilinear form o of ^ is nondegenerate. 

(i) If aeV is such that (7(gi • e, a) = 0 then P(a, e) = 0; 

(ii) //p + 2 then • e=V; 

(iii) If p = 2 and if ^ is simple then gj • e has codimension 1 in V. 

gi • e contains the elements L{x,y)e (x,yGV,y invertible), where L is as 
in § 4, (4). Let geG and apply this with y = ge.gh^g' denoting the standard 
automorphism, it follows, using § 1, (10), 1.16(i) and §3, (10) that 

(T (L(x, ge)e,a)=(7 (P(g e) e, P{x, j (g e)) a) 

= <^(g (g') ~^e,g'P((g')~^ x,e)g-^a) = (7 (e, P{a, g e) x) 

= a{P{a,ge)e,x). 

(i) is a consequence of the equality of the first and last terms. If p4=2 
then P{a, e)=0 implies a=0 (see 10.30) and hence (i) implies (ii). 

If p = 2 and if ^ is simple then 5^ is also separable, see 13.7. Then 
10.32 implies that, a being as in (i), we have aeKe. (iii) now follows from 
the nondegeneracy of o. 

We next prove a general statement about G^. 

14.13 Proposition. Assume that ^ is strongly simple. Then the inner struc- 
ture group of 9^ coincides with the identity component G° of the structure 

group G. 

We know from 1.19 that G^ is a closed normal subgroup of G°, hence of G. 
Moreover G^ contains the torus C of scalar multiplications. From the 
results of § 12 and 1 1.20 it follows that G° is the product of C and a quasi- 
simple group G', unless 9 is of type Now Gj n G' is a nontrivial closed 

normal subgroup of G', which must be G' itself, unless 9 is of type 
To establish the same result if 9 = observe that in that case G' is 
isogeneous to D = SIL^xSIL^. Then G^nG' determines a nontrivial 
closed normal subgroup of D. From the explicit form of the quadratic 
map for given in 2.2 we see that cannot be contained in one of the 
factors SIL^ of D. Hence we must have D^=D and Gj^nG' = G' in all 
cases. It follows that G^ = G°. 

14.14 Corollary. If 9 is strongly simple then H and have the same 
identity component. 

Remark. 14.13 could also have been deduced in the case by case discus- 
sion which is given below. In fact, this discussion even shows that 14.13 
holds for all simple J-structures. The cases not covered by 14.13 (p = 2 
and 9 either G' 2 ,^ or 9^) are dealt with in 14.15 and 14.18. 

We shall now discuss separately the situation for the various simple 
J-structures. We begin with the J-structures defined by quadratic forms. 
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14.15. ^ = /(Ke,4 

We use the notations of §2 (see 2.15 and the sequel). We assume that 
n = dim that the quadratic form Q is nondegenerate and that, with 
the notation of 2.17, we have Qe^O. We know by 2.18 that G is the group 
of linear transformations geGL{V) which leave invariant Q up to a 
nonzero factor. 

Let 0{Q) be orthogonal group of Q. We put S0{Q) = 0{Q)nSL{V) 
if p=|=2. If p = 2 and Q is nondefective (i.e. if the associated alternating 
bilinear form is nondegenerate), we denote by SO(Q) the rotation sub- 
group of 0(Q) (see [12, p. 65]) and if p = 2 and Q is defective we write 
SO {Q) — O (0. We have G = 0{Q) C. One knows that SO (Q) is a connected 
closed normal subgroup of 0 (0, of index ^ 2. is now isomorphic to 

one of the J-structures fP2.r(char(iC)4:2, r^5), (!? 2 ,r(char(iC) = 2, r^3), 
&l,{ch3iT{K)=2,r^2). 

It follows from 13.5 and 14.13 that Gi = SO{Q)C unless perhaps if ^ 
is isomorphic to tP 2 ,r- lhat case we have, as in the proof of 14.13, 

that G is the product of C and a quasi-simple group (see [10, p. 22-04 
and 22-05]), so that the argument of 14.13 can again be applied. It follows 
that Gi = 5O(0C in all cases. 

If p + 2 then 50(0 is the subgroup of 0(0 whose elements have 
determinant 1. Since 0 (0 n C = { ± id} we conclude that we have G = G° 
if n = dim V is odd and (G:G°) = 2 if n is even. 

If p = 2 then O(0nC = {id}, whence (G:G°) = (0(0: 50(0). If Q is 
nondefective this index is 2 and if Q is defective the index is 1 (for then 
0(0) is topologically isomorphic to a symplectic group, see [loc. cit., 
p. 22-05]). Since Q is defective if and only if n is odd we obtain the same 
result as for p + 2. 

By 4.6, H is the subgroup of G whose elements fix e. Let p + 2. Then 
H is (topologically) isomorphic to 0(Q^\ where is the restriction of Q 
to the orthogonal complement of Ke. Hence H is not connected and 
(H:H°) = 2. 

If p = 2 and if Q is nondefective we find again that H is isomorphic 
to 0(6i), where is a nondegenerate quadratic form in one dimension 
less. Since now 0(0^) is isomorphic to a symplectic group, it follows that 
H is connected. 

If p = 2 and Q is defective, one checks that H is isomorphic to the sub- 
groups of a symplectic group which fixes a nonzero vector, in its natural 
representation. Such a group is again connected. 

It also follows that is semisimple if n>3, unless p = 2 and Q is 
defective (the verification of the last statement is left to the reader). 
Observe that dim G=^ n(n— 1)+1, dim H = dim G — n=^{n—i)(n — 2). 

We next come to the discussion of the various Lie algebras in this 
case. The definition of g in §4 shows that it is the space of all linear 
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transformations X of V such that there exists a linear transformation Y 
with 

Xx- Yx = Q(x)~^{Q(x,X x)x) (g(x) + 0), 

the notations being as in §2. 

The right-hand side of the equality must clearly be a polynomial 
map of V into itself. Let F be the rational function on V defined by 

F(x) = e (x)- 1 e (X, T^) (Q (x) + 0) . 

If is a basis of V then 

n 

(Xi, . . . , x„) i-> X Xj ej) X; e,) 

i = l 

defines a polynomial map of K" into V. 

It follows that the denominator of F divides all coordinate functions 
(xj, from which one concludes that F is a polynomial func- 
tion, which then must be a constant. Consequently, g is the space of all 
linear transformations X of V such that Q(x,Xx) is a multiple of Q(x\ 
which coincides with the space of all XeEnd{V) such that there exists 
aeK with 



(5) Q{x,Xx) = aQ{x). 

First assume that the symmetric bilinear form g( , ) is nondegenerate. 
Let 2fGEnd(F) satisfy (5). Define matrices S = (s^^) and T={tij) by 

Sij = Qiei,ej), tij = Q{Xei,ej) 

X is uniquely determined by T. It follows that (5) is equivalent to the 
following properties of T 

,,, f hi=aQ{ei) 



Let A = {aij) be a fixed matrix with = A-\-^A — S. It follows 

from (6) that 

(7) T=^aA-\- U, 

where U is an alternating matrix. Conversely, if T has the form (7) then 
(6) holds. It follows that 

dim g=^ n{n— l)-f 1 =dim G. 

Since L(G)czq this shows that g = L(G). 

From §2, (12) we see that the nondegeneracy of g( , ) implies that the 
standard symmetric bilinear form a is nondegenerate. 14.12(ii) then 
shows that g^ • e = F if p#=2, whence L{G)e= V in that case. 
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We claim that L{G)e=V also if p = 2. Let e= assume that 

n i = 1 

/= ^ b; g; is such that Q{Xe,f)=0 for all XeL(G). This means that 

i = l 

E 

ij 

for all matrices T of the form (7). One easily concludes that all bj have to 
be 0, whence/ =0. Consequently L(G) e= V. Now 14.10(h) implies that 
we also have 1) = L{H). 

We next investigate gj. From §4, (4) and §2, (13) we see that 

L{x,y)z = P{x,z)y = Q{x,y)z+Q{z,y)x-Q (x, z) y . 

First let p+2. Choose now (ej to be an orthogonal basis of V for Q (i.e. 
such that Q{ei ej)=0 if i+j), with This is possible. 

Then L(e,, C;) is a nonzero scalar multiple of the identity and the 
L{ei, ej) with i<j are linearly independent elements of End (K). It follows 
that 

dim 9 i =5 n(n— 1)+ 1 = dim L(G), 



whence g^ = L(G)( = g). 14.10(i) and 14.11 then imply that l)i=L(H). 

If p=2 then n = 2r is even. Let now (ei)igig 2 r be a symplectic basis of 
V for Q, i.e. such that 



( 8 ) 




if + r 
if |i-j|=r, 



with e = (such a basis exists). A simple computation then shows 
that the L{ei,e^ span a subspace of End(F) of dimension ^n(n-l) = 
dimL(G)— 1. Hence 9 i has codimension 1 in g. Since gi -e has co- 
dimension 1 in F by 14.12(iii) we conclude from 14.10(i) and 14.11 that 

There remains the case that Q( , ) is degenerate, i.e. that p = 2 and Q 
is defective. In that case n is odd. Let / span the space of vectors ortho- 
gonal to all of V. Since Q is nondegenerate we have 2 (/) 4= 0. Also e^Kf. 

Let XeEnd(F) satisfy (5). From (5) we find 



Q(Xf,x)=aQ(f,x)-Q{f,Xx)=Q, 

aQ{f)=Q{Xf,f)=0. 



Hence Xf is a multiple of / and a=0. 

Let I be a linear function on V. Then the linear transformation X, of 
V defined by 

(9) X,x = l{x)f 
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is in g. Considering the nondegenerate alternating form induced by 
Q( , ) on V/Kf X V/Kf one finds from the preceding remarks that 

dim g=|(n— 1) (n — 2)4-n = dim G, 

so that we have again g = L(G). 

(5) implies that Q{Xe,e) = 0 for all Xeg. Since e$Kf this shows that 
L{G)e^V. 14.10(ii) now implies that Hence H is not smooth 

(in the sense of 4.9). 

We finally discuss g^ and in this case. Let be a basis of V 

such that eo=f, that satisfies (8) and that e = e^+e^ (such a 

basis exists). Then the L{ei,ej) span a space of dimension ^n{n—l) = 
dimL(G)— 1. So g^ has codimension 1 in L(G). Let Xi be as in (9), with 
^(/) + 0. One proves that this Xi cannot lie in g^ (the proof being left to 
the reader), whence L{G) = q^-\-KXi. Since /eg^-e, this shows that 
gi e = L{G)e. 14.10(i) and 14.11 now imply that dim L(//) = dim l)i and 
that L{G)e has codimension 1 in K By 14.10(ii) we have that L(H) has 
codimension 1 in 1^. 

This concludes the discussion of the J-structures defined by quadratic 
forms. 

14.16.^ = ^, (r^l). 

V=Mr, the space of r x r matrices. If X, TedjIL^, let (piX, Y) be the linear 
transformation of V defined by 

(/>(Z, Y)Z = XZY~K 

It follows from 11.20 (see the proof of 12.7) that G° is the group of all 
transformations (t){X, 7). Since is strongly simple it follows from 
14.13 that Gi = G°. 

Consider the homomorphism 0 (of algebraic groups) of (BIL^ x (BDL^ 
into GL(V). We have (/>(Z, 7) = id if and only if Z= 7=x • id (xeX*). 
The differential dcf) is the linear map gl^ x gI^-> End(M^) defined by 

(10) #(X, 7)(Z) = ZZ-Z7. 

Clearly d(j){X,Y) = 0 if and only if X=7=xid (xeK), whence 
dim Ker 0 = dim Ker dcj). Consequently 0 is a separable homomorphism 
of algebraic groups (see [1, 17.3, p. 75]), and 0 induces an isomorphism 
of algebraic groups of (BIL^ x <G\LJA onto G°, where A is the subtorus 
consisting of all (x • id, x • id) {xeK*). 

By 4.6 it follows that HnG° is the group of all (/>(X, 2r)(XeGIL^). 
An argument similar to the one just given shows that H n G° is isomor- 
phic to P(CrIL^(=([jIL^ modulo its center) and is connected. 

Let heH-H nG°. The inner automorphism of H defined 

by h then induces an outer automorphism of Hn G°. Since the group of 
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inner automorphisms of PCrlL^ has index 2 in the group of all auto- 
morphisms (in the sense of algebraic groups), as follows e. g. from [10, Cor. 3, 
p. 24-04], we see that 

One furthermore sees, using the explicit description of which we 
gave, that every coset of G/G° is represented by an element of 
Since the transformation e: X\-^^X is clearly in if, we have (G:G°)= 
(if:if°) = 2. 

Consequently, G is the group of linear transformations generated by 
the (/)(X, Y) and e, and H is the subgroup generated by the X) and s. 
Also ifi=if^ 

We next discuss the Lie algebras. From the explicit description of G° 
we see that L(G) is the Lie algebra of all linear transformations d(l)(X, Y) 
of the form (10). It is then clear that L(G) e=V. From 2.2 and §4, (4) we 
conclude that 

L(X, Y)Z = {XY)Z-\-Z{YX) {X, Y, ZeM,). 

Let {eij) be the canonical basis of M^. Then 

ekj) = d(l){eij, 0), ^,fc) = rf</>(0, -eij) (i+j), 

’ ^ji) (^i i ’ 

L{X,e) = d(t){X, -X). 

It follows from these relations that has codimension ^1 in L(G) 
and that L(G) = g^ + fC • id if p does not divide r. In the latter case we have, 
if moreover p + 2, that L(id, id) = 2 • id, whence L(G) = gi. It also follows 
that gi • c = Fif p + 2. If p = 2 then 14. 12 (hi) shows that g^ • e has codimen- 
sion 1 in F (by 2.4 the standard symmetric bilinear form is nondegenerate, 
so that the hypothesis of 14.12 is satisfied). 

If p + 2 does not divide r, then we find from 14.10(i) and 14.11 that 
l)i = L(ff)^L(P([jIL^). If p = 2 the same follows. Application of 14.9 and 
14.7(a) shows that if p + 2 or r=#2, 1) is spanned by L{H) and linear 
transformations Del) which can be assumed to commute with all 
d<l){X, X), where X is a, diagonal matrix. If p + 2 divides r, then the last 
statement of 14.9 shows, using 14.11, that the same holds. 

It follows that there exist aijeK with 

Deij=Uijeij 

From the fact that D commutes with all e^i) one concludes that 

all Uij are equal, hence D is a scalar multiple of the identity. Since D^=0, 
we have D = 0. 

It follows that l) = L{H) if p 4=2 or r 4= 2. In the exceptional case: J ^2 
characteristic 2 we have that J ^2 — ^ 2,2 (see the proof of 12.7), and by the 
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discussion of 14.15 it remains true that f) = L(H). Hence this holds in all 
cases. 14.10(h) then shows that g = L(G). If p=|= 2 divides r, one may check 
that + L(G) + 9 i. 

14 . 17 . = (p + 2,r>2). 

V=Sr, the space of symmetric rxr matrices. From 11.20 we infer that 
G° is the group of linear transformations cj) (X) {X e CIL^) of F, with 

(/>(x)y=xy*x (Yev). 

(f) defines a homomorphism of algebraic groups (GIL^ G°. Its differential 

is the homomorphism L(G) defined by 

(11) d</>(x)(y)=zy+y-^x. 

Since 5^ is strongly simple, 14.13 shows that Gi = G°. 

Since p + 2, it follows that d(j) is bijective. Hence 0 is separable and we 
conclude that cj) induces an isomorphism of algebraic groups of (ErIL^/{ ± id} 
onto G°. 

In a similar manner one sees that there is a separable surjective homo- 
morphism ij/ of G°/G onto PCrlL^ . 

Let geG — G°. The inner automorphism IntG(g) induces an auto- 
morphism of the algebraic group G°, and then i//olntQ(g) defines an 
automorphism of PdjIL^ . It follows, using the fact that the coset of outer 
automorphisms of the algebraic group PCrlL^ modulo inner auto- 
morphisms is represented by the one coming from the outer auto- 
morphism X !-> of (CrlL^ (which we also used in 14.16), that we may 
assume that there exists a character x of djIL^ such that 

g(X-‘X)=g(<f>(X)e}=x(X)</>(-X-^)g(eh 
or, putting A=ge, 

( 12 ) g(X^^X) = x(X)^X-^AX-\ 
for Xg (GIL,. 

Take for X the diagonal matrix diag(xj, ... , x„) (x^gX*). Then there 
exists an integer d such that x(X) = (xj... and one sees that (12) is 
only possible if r = 2, a case which we have excluded. Consequently G = G°. 

From 4.6 we see that H is isomorphic to the orthogonal group 
©,= {Xg(G1L,|X • X = 1). Hence H° has index 2 in H. We have H^ = H. 

Next the Lie algebras. L(G) is the Lie algebra of the d(j){X) given by 
(11). It is obvious that L{G)e=V. By §4, (4) we have, using what was 
established in §2 that now 



(13) 



L (X, y ) z = (X y) z + z • ^(x y) . 
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Since, as one easily checks, every matrix is a sum of products of two 
symmetric ones, it follows from (13) that contains all linear trans- 
formations of the form (11), whence g^ =L(G). By 14.10(i) and 14.11 we 
see that I)i =L{H). 

Now the algebraic group is isomorphic to a semisimple group of 
type Bi or C^. From 14.9 and 14.7(b) we see that 1) is again spanned by 
L{H) and linear transformations Del) which centralize all (/>(AT), where 
X is diagonal. An argument like the one given at the end of 14.16 now 
shows that = From 14.10(ii) we obtain that g = L(G). 

14 . 18 . ^ = (p = 2,r>2). 

We use the notations introduced at the beginning of 14.17. We can no 
longer apply 11.20 to identify G°. At any rate, we still have the homo- 
morphism (f>: CrlL^^G®. d(j> is no longer injective. One easily checks 
that Ker dcj) consists of the scalar multiples of the identity. 

As in 14.17 one sees that gi consists of the linear transformations of 
the form rf(/>(X). From what we observed about Kordcj) it follows that 
g^ is isomorphic to L(IP([jIL^). Hence dimgi = r^ — 1. One establishes 
that the identity map of V is not of the form (11). 

We have g^-hX • idciL(G)czg. We shall show that q = q^-{-K id. It 
will then follow that g = L(G), dim G = r^, which will imply that 
G = (/>((D1L,). 

So let Deg. Using 14.9 and 14.7(a) we see that we may assume D 
commutes with all d(f)(X). It then follows that ((c^^) being the canonical 
basis of M^) D stabilizes all subspaces K{eij-\-eij) {i=¥j) of and also the 
subspace of diagonal matrices. In particular, D stabilizes the space of 
alternating rxr matrices and commutes with the action of gi on A^. 

It follows that the restriction of D to A ^ is a scalar multiple of the 
identity, which we may assume to be 0. Hence DX is diagonal for all X. 
By 4.5 we have 

(14) DX^ = X{DX) + {DX)X + XD{e) X {Xe SJ, 

from which one concludes, by taking XeA^ that D(e) is a diagonal 
matrix such that XD(e)X is diagonal for all XeA^, which can only be 
ifD{e) = 0. 

(14) then implies that DX=0 for all diagonal X. Hence D=0. This 
establishes our claim that g = g^ -f K • id. As we saw, this implies that 
G° is the group of (l>{X) (ZgCIL^). The homomorphism ij/ of G°/C onto 
IPffjIL^of 14.17 is an isomorphism also in this case, and can again be 
used to establish G = G°. 

G° is now the product of its center and a quasi-simple group, from 
which one concludes as in the first paragraph of the proof of 14.13, 
that Gi = G°. 
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From what we have established so far, it follows that has codimen- 
sion 1 in L(G). Since 9i • c is the space A^. of alternating rxr matrices, we 
conclude that L(G) e=Ar~\-Ke. Hence L{G)e has codimension r— 1 in 
V and has codimension r. From 14.10(h) we see that diml) = 
dimL(/f) + r— 1. Consequently ^=#L(/f), so that H is not smooth. 
14.10(i) shows that dim =dim L{H)-\-r— 1, whence = 

Observe, finally, that in this case H is the subgroup of (GIL^ which 
leaves invariant a nondegenerate, nonalternating symmetric bilinear 
form on K'' x K\ Such a group is a non-reductive linear algebraic group 
(as follows from [12, p. 20]). 

14 . 19 . ^ = (r>2). 

The discussion in that case is quite similar to that of the preceding cases. 
One first proves that G = G°, as in the case ^ . Moreover, H is isomorphic 
to the projective symplectic group lPSp2;.. 

If p=f=2 then L(G) = gi, if p = 2 then L(G) + gi and L(G) = q^-\-K id. 
We have L(G) e=V in all cases. If p4=2 then one finds, as in the case of 
that \) = L{H) and g = L(G). If p = 2 then, using Qi^L(JP(DJL2rX as in 
14.18, one proves that g = L(G), whence \) = L{H). 

14 . 20 . = 

We first recall some facts from Section 5. We have now F=(M3)^. 

If x = (xq, X i, X2), y = (yo^yi^y 2 )^^ then the standard symmetric 
bilinear form is given by 

(t{x, y) = T (xo yo + yi + ^2 ^2), 

whence t is the trace in M3, a is nondegenerate. 14.13 implies that 
Gi = G°. 

The standard automorphism a: gi->g' of G is given by 
(15) (T(gx,g'x) = (T(x,y). 

From 11.20 it follows that G° is the product of a simply connected quasi- 
simple algebraic group G' of type and the center C. Since G' is the 
commutator subgroup of G°, it follows that a stabilizes G'. 

Assume that ag = hgh~^ for some heG', for all geG'. Put /(x, y)= 
(j{x,hy). Then it follows from (15) that /(gx, gy)= /(x, y) (geG'), which 
would imply that the representation of G' in V was equivalent to its 
contragredient. But the 27-dimensional irreducible representation of G' 
in V is not equivalent to its contragredient (as follows from the results 
established in [10, p. 20-10, p. 20-05]), hence we arrive at a contradiction. 
So a is an outer automorphism of G'. 

One knows that the group of inner automorphism of G' has index 2 
in the group of all its automorphisms (in the sense of algebraic groups). 




§ 14. The Structure Group of a Simple J-structure 



151 



as follows from [10, Cor. 3, p. 24-04]. It follows that a represents the 
coset of outer automorphisms. Let /leG — G°, let jS be the automorphism 
of G' induced by Int^ (h). We may then assume that p = oc. That G = G° now 
follows by an argument similar to the one used in 14.17 to prove the 
corresponding assertion for 

By 12.3 (hi) we know that G is the group of linear transformations 
which leave invariant the norm N of which is a cubic form. It follows 
that the center G' = G' n C of G' is a cyclic group of order 3 if p 4= 3 and is 
reduced to the identity if p = 3. Moreover G' = GnSL(F). 

We next study H. Let 



G;={geG'|ag=g}. 

From G = G' • C one concludes that G^ is also the group of all elements 
of G which are fixed by a. Since is separable if char(X) = 2 (see 7.9), we 
find from 7.14 that H is of finite index in G'^. 

We shall now establish that G^ is a connected group, which will 
imply that H = G'^. In order to prove this fact, we shall invoke some results 
about automorphisms of semisimple group due to Steinberg. To be in a 
position to apply these results we have to discuss the root system of G'. 

14.21 The root system of G'. We keep the previous notations. Let S be 
the 2-dimensional diagonal torus in SE^ 3 . Define a rational homo- 
morphism 0 of into GL{V) by 

(16) 0 (to , fl, t2) (Xo , Xi, X2) = (to Xo tf s ti Xi tj t 2 X 2 to *) . 

From5.12we see that (/>(to, ti, t 2 )eG, and since clearly (/> (to, ti, t 2 )eSL(VX 
this is an element of G' = GnSL{V). 

Put T=(/>(S^). This is a 6-dimensional torus in G', which must be a 
maximal one, since G' has rank 6. Observe that 

(17) a(</>(to,ti,t2)) = </>(ti,to,t2), 

as follows from what was established in 5.12. 

We define characters Xij (OSUjS^) of as follows. Let ti= 
dmg(toi,hi,t 2 il then 

Let X be the character group of T, which we identify with a subgroup of 
the character group of (via the transposed of 4>). 

It then follows from (16) that the weights of T in F are the characters 
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of T, where (t(0=i + 1 mod 3. The corresponding weight space has di- 
mension 1, let Xijk be a nonzero vector in that space. 

Put p{0)= 1, p(l)=0, p(2) = 2. By 4.4 we have 

and, using 1.16(i), one finds that 

toL(Xij^, r^ = t“ L{Xij^, Xgrs) (te T), 

where 

^ k ^p{q), r ^piq), s * 

We shall now exhibit nonzero elements Define linear 

maps : M3 K by 0o ^ ~ ^ 0), </>2 u = (0, 0, a). 

14.22 Lemma. Let a, beM^. 

(i) If ab+0 or ba+0 then L(</>i a, </>2 fc) + 0, L (02 ^>) + 0; 

(ii) If there exists XGM 3 mth bxa + z(bx)a then L(</)o^, i^) + 0; 

(iii) If there exists X6M3 with axb + T{b x) a then L(02 </>o ^) + 0. 

Using the notations of §5, it follows from §5, (7) and the definitions of 
L(x, y) z (see §4, (4)) that 

L(x, y) z = C7(x, y) z -h (7(3;, z) X — y X (x X z). 

From §5, (15) we find, if x=(xq, x^, X2)e V, 

L((f>i a,(l) 2 b)x= —(baxQ,Xia b, y) , 

for some y GM3 . This implies (i). The proofs of (ii) and (iii) are similar. 
14.22 shows that we have L(x,jjt» ^^rs)+0 in the following cases: 

1 = 0, q=l, j^q, 
i = 2 , q = 0 , fe + r, 
i=l, q = 2, k = r or j = s, 
i = 2, q=l, k = r or j = s. 

As a consequence one finds that the following characters of T are 

roots ^ ^ 

<!tijk = Xoi + Xij + X2k (0Si,J,k^2), 

-Xijk^ 

Pij k = Xij - Xi k (0 ^ i, j, k^2,j+k). 

The number of these being 72, which is the number of roots of a root 
system of type we conclude that {oCijk, —0Cijk,Pijk} is the root system 
I of G with respect to T. From (17) we see that the automorphism a 
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stabilizes T. Let a* denote the transposed map of the character group X 
of T Then (17) implies that 

\^*iPojk) = Pljk'> iPo jk) = Pljk'> ^*iP2ij) = Pljk' 

14.23 Lemma, a fixes T and a Borel subgroup B of G', containing T 

We have already seen that a fixes T. Put ai = aioo? ^2 = ^ 110 ^ ^3 = 0 ^ 212 ? 
a 4 = aooi. a 5 = ai 22 . a 6 = aoio- Then ct*{oc^) = cc^, cc*((X 2 ) = oc 2 , a*(a 3 ) = a 5 , 
a*(a 4 ) = a 4 (and (a*)^ = id). One checks that ai-ha 3 , a 2 + a 3 , a 3 + a 4 , 
«4 H- as , as -f a^ are again in I and no other sums a, -h a^ {i = 1 = j). 

This implies that the Coxeter graph of the subsystem A = {a^, . . . , a^} 
of I, as defined in 14.1, is the Dynkin graph of a root system of type 
(notice that the signs of 14.1 are now all 1, for with the notations of 
14.1, a,-fajGr implies that (ai|a^)<0). By 14.2 it follows that d is a basis 
ofZ. 

Since a* stabilizes A, the corresponding set of positive roots is 
also stabilized by a*, which implies that a fixes the Borel subgroup 
BzdT defined by This proves 14.23. 

Remark. The use of 14.2 can be avoided by establishing explicitly that A 
is a basis of I. 

14.24 Determination of H. By a theorem of Steinberg [30, Th. 8.2, p. 52] 
one knows that a is an automorphism of a connected, semisimple, simply 
connected linear algebraic group G' such that a fixes a Borel subgroup 
B of G' and a maximal torus T a B, then the group of fixed points G^ is a 
connected reductive group. By 14.23 we are in these circumstances here, 
consequently G^ is connected and, as we saw before, this shows that 
H = G« is connected. Observe that dim H = dim G = dim F= 79 — 27 = 52. 

From [30, Remark 8.3(a), p. 56] we see that a maximal torus of H is 

T^ = {teT\(xt = t} . 

Using the explicit form of a*, given by (18), one finds that dim 7^ = 4. 
Hence rank if = 4. 

Let R = X( 8 )zlR, then IczR, AczR. a* induces an automorphism of 
R, also to be denoted by a*, fixing A and I. Equip RxR with a positive 
definite scalar product, invariant under the Weyl group. Let V' be the 
set of fixed points of a* in V. 

There exists a root system X in V' such that the root system of if 
with respect to 7^ is isomorphic to a subsystem of I'. See [30, Remark 
8.3(a), p. 56], I' is defined in [loc.cit., 1.32, p. 15]. 

The rule for finding a basis of given in [loc.cit., 1.30, p. 14] shows 
that I' is a simple system of type F 4 , hence X has 48 elements. Conse- 
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quently the root system of H with respect to 7^ has at most 48 elements. 
But since dim 7/ = 52, it follows that F equals the latter root system. 
Hence // is a connected semisimple group of type . 

14.25. We finally discuss the Lie algebras in the case of We first 
establish that L(G) e = K If p=#2 then since a is nondegenerate, 14.12(ii) 
shows that 9 i • ^ = K whence L(G) e=V. 

If p = 2 then • e has codimension 1 by 14.12(iii). It also follows from 

the proof of 14.12, using §3, (10), that cr(gi • e, e) — Q. As a{e, e) = 3, this 
shows that ^^g^ • e. But since eeL{G)e (for the identity is in L(G)), we 
again have L(G) e=V. 

14.26 Lemma, (i) L(G)/L(C) is a simple Lie algebra if p + 3 ; 

(ii) L{H) is a simple algebra if p=|=2. 

The derived group G' of G is a quasi-simple group of type and G = 
G' • C. If p 4 = 3 we have that G'n C has order 3. Consequently the can- 
onical morphism G'-^G/C is then separable, whence L(G)/L(C)^L(G'). 
The latter is one of the Lie algebras introduced by Chevalley in [9]. 

It is known that in the present situation (p=j=3, type E^) such an 
algebra is simple. This is proved in [29, 2.6(5), p. 1120], the assumption 
p=j=3 coming in to establish that L(G') has no center. L{H) is a Lie algebra 
of Chevalley ’s kind of type F^. The same reference gives that (ii) holds. 

We can now determine g^. It is an ideal in L(G), which contains 
L(C) if p 4 = 2 (since L{e, ^) = 2 • id). In all cases, gi + L(C)/L(C) is a nonzero 
ideal in L(G). By 14.26 (i) it follows that g^ + L(C) = gi + id = L(G) 

if p 4=3. If p 4 = 2, 3 we even have gj = L(G). 

14.11 shows that I)i is an ideal in L{H\ which is nonzero (one easily 
produces, by using the formulas describing (^ 3 , two elements x,yeV 
with L(x, y)4=0, L(x,y)e = 0). Hence 14.26 (ii) shows l)i = L(H) if p4=2, 
in particular if p = 3. It now also follows that \)i = L(H) in all cases (use 
14.10(i)). It also follows that gi = L(G) if p4=2. 

Finally we establish that g = L(G). Let Deg. By 14.9 we may assume 
that D induces a derivation of L(G) which commutes with all Ad{t) 
(IgT^ a maximal torus of G). Application of 14.7(c) then shows that such 
a derivation is inner. Hence we may assume that D commutes with L(G). 
But the action of the derived group G' in V is infinitesimally irreducible, 
i.e. L(G') acts irreducibly in V (as follows from [2, 6.4, p. 42], applied to the 
27-dimensional representation of G' in V). Hence D must be a multiple 
of the identity, whence Z)eL(G) and g = L(G). By 14.10(ii) it follows that 
L{H) = l). 

This concludes the case by case discussion of the various simple 
J-structures. We collect some of the results established in that discussion 
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in the next theorems. We keep the previous notations. Recall that G is 
smooth if g = L(G), similarly for H. 

14.27 Theorem. Let be a simple J-structure. 

(i) G is reductive and smooth; 

(ii) H° is semisimple if and only if y is strongly simple and not of type 
^2,3; 

(iii) H is smooth if and only if 5^ is strongly simple. 

14.27 (iii) is of importance for the treatment of rationality problems to be 
given in the next section. 

14.28 Theorem. Let ^ be a simple J-structure. 

(i) Assume that p=\=2 and that Sf is not of type with p dividing r. Then 
L(G) = 9 i. In the excepted cases has codimension 1 in L(G); 

(ii) If 9^ is strongly simple and not of type with p + 2 and p not dividing r, 
then l) = L{H) = i}i. In particular, all derivations of 9 are then inner. 

14.29. Let 9 = {V,j,e)hQa simple J-structure with inner structure group Gi . 
We know, by 14.13 and the remark following it, that Gi is the identity 
component G° of the structure group G. By 14.27 (i), Gj is reductive. 

Let A be the algebraic group constructed from 9 in 2.25 (there 
denoted by G). The assumptions (I) and (II) of 2.25 are satisfied here, 
hence .T is a reductive group, which is in fact semisimple and adjoint. 
We shall identify A in the various cases. 

First observe that from the construction of 2.25 it follows that A 
contains a parabolic subgroup g isomorphic to the semidirect product 
Gi • V(Gi acting on V in the natural way). Let Tbe a maximal torus of G^, 
let Z be the root system of A with respect to T. Fix an ordering of I such 
that the corresponding Borel subgroup of A is contained in Q. Let A be 
the basis of I defined by the ordering. 

Since the center C of Gi is 1-dimensional (viz. the torus of nonzero 
scalar multiplications of V), it follows from the explicit description of 
standard parabolic subgroups given in [4, p. 85-86] that there is a root 
(xeA such that Q is the standard parabolic subgroup defined by a. 
Q is a maximal parabolic subgroup of A. 

14.30 Lemma. A is a quasi-simple linear algebraic group. 

We have G^ = LC, where L is either semisimple, or reduced to the neutral 
element (namely ii 9 Assume first that L is quasi-simple. From the 
description of parabolic subgroups it then follows that either A is quasi- 
simple or A is isogeneous to a product B x SIL 2 , where B is quasi- 
simple. 
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In the second case L is isogeneous to B. Then dimy4 = dim J5 + 3 = 
dimL + 3 = dim Gi + 2. But from the construction of 2.25 we see that 
dim ^ = dim Gi -h 2 dim K Hence we had dimF=l, a con- 

tradiction. 

If L is not quasi-simple, then either in which case A is 

isomorphic to PSIL 2 (hence simple) or with r>l. Then L is 

isogeneous to SIL^xSlL^. Again using the decription of parabolic 
groups, we see that A is isogeneous to a product BxSIL^, where B is 
either quasi-simple, or B = SIL 2 . In this case, dim A = dim Gj -f- 2 dim V= 
4r^ — 1, and rank A = 2r—1. Hence dimJ5 = 3r^, rank B=r. 

A check of the list of simple algebraic groups shows that for r>l a 
quasi-simple B with rank 2 and dimension does not exist (see [10, 
expose 19]). If B is not quasi-simple, then B = SIL^xSIL^ and dimB = 
+ 2, which cannot be equal to 3 for r> 1. Hence A is quasi-simple in 
all cases, which establishes 14.30. 

14 . 31 . We can now determine completely the structure of A. By 14.30 
and by what we observed in 2.25, we know that A is an adjoint simple 
linear algebraic group. The structure of A is then completely determined 
if its type, i.e. that of the root system I, is given. 

The type of A is listed below. We also have listed in the various cases, 
the root aed which determines the parabolic group 6 = ij_{a}. The 
numbering of the roots of A is as in [7, p. 250-274]. 



Type of 9" 


Type of A 


a 


Jtr (r>l) 


^2r 


«2 


ir^2) 


C. 


«r 


('•S3) 


D2r 


«2r-l or a2r 


^3 


£7 


a? 


(char(/i:) + 2,rS3)'l 
(char(/C) = 2,rg3)f 


^r + 1 




® 2 , 2 r+i (char (K) 4= 2, r 52)1 
(SI,, (char(/C) = 2, ra2)j 







The proof of the results contained in this list is easy. First one determines, 
for each particular the dimension and the rank of A, which are given 
by dimy4 = dim Gi-l-2dim K rank ^ = rank G^. G^ ( = G°) is described 
above, in the various cases. Except when 5^ = 5^, one checks, using the 
classification of simple algebraic groups, that dim A and rank A determine 
the type of A uniquely. 

If 5^ = ^, the classification shows that A is either of type B^ or of 
type Cr- In that case Gj is isogeneous to (DIL^. Let Tbe the torus in G^ 
defines by the diagonal torus in (GIL^. The weights of T in K considered 
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as roots of Z, can only occur in a root system of type C^, so that A must 
be of type 

The type of L determines the root olgA uniquely, except when = 
Then we have the two possibilities shown above, related via the outer 
automorphism which interchanges oc2r-i and oc2r- 

Notes 

In the literature on Jordan algebras results like 14.27 and 14.28 are proved under restrictive 
assumption on char(K). For example, it is established in [8, IX, 3.7, p. 285], by a considera- 
tion of Killing forms, that in characteristic 0 the derivation algebra of a simple Jordan 
algebra A of dimension > 3 is semisimple, from which it follows that then the automorphism 
group of A is also semisimple. 

For derivations of Jordan algebras see also [14, p. 253-258]. It is likely that 14.27 (i) admits 
a converse, viz. that 6^ is simple if G is reductive and smooth. 

In the course of the case by case discussion given in §14 we have also determined the number 
of components of G and H. In characteristic 0 this was done in another way in [13]. 
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15.1. Let fc be a subfield of K. We denote by a separable closure of fe, 
contained in K. Put p = char(X). 

^ = {Vj\e) denotes a J-structure which is defined over k. Another 
such J-structure 5^' = (K',/, e') is called a k-form of if it is K^-isomorphic 
to^ 

Let H be the automorphism group of If // is smooth in the sense 
of 4.9 it follows by 4.13 that a fc-form 6^' of ^ is already /c^-isomorphic 
to 6^. This permits the use of Galois cohomology. We recall some facts 
about this. For more details see [27]. 

15.2. Let Fbe a vector space which is defined over k. Let H be an algebraic 
subgroup of GL{V), which is defined over k. We recall the definition of 
the 1-cohomology set (/c, H). 

Let r be the Galois group of kjk. This is a profinite group, which 
acts continuously on the group of /c^-rational points of H (provided 

with the discrete topology). A 1-cocycle z of T in H(/cJ is a continuous 
function of T into such that 

Zst = z,‘s(z,) (s,ter). 

Two cocycles z and z' are equivalent if there exists heH{ks) with 
z; = /i"^z,-(s/i). 

The corresponding set of equivalence classes is denoted by H^{k,H). 
This set has a priviliged element 0, coming from the constant cocycle 
z, = l. We have H^{k, GL{V))=0 (see [27, Lemma 1, p. III-3]). 

The classification of /c-forms of J-structures with smooth automor- 
phism group is now given by the following result. 

15.3 Proposition. Let ^ = {VJ, e) be a J-structure which is defined over fc, 
whose automorphism group H is smooth. Then H is defined over k. There 
is a bijection of the set of k-isomorphism classes of k-forms of ^ onto 
H\KH\ 
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That H is defined over k was already established in 4.12. The last point 
is an example of a well-known principle, see [27, p. III-l]. We shall 
sketch the proof. 

Let I be the set of isomorphism classes occurring in the assertion. 
Assume that = e') is a k-form of ^ We may assume that V'=V. 

As we already observed in 15.1, there is an isomorphism g of ^ onto 6^' 
with geGL(V){K). 

Let r be, as before, the Galois group of kjk. Put = ( 5 gT). 

Then z is a 1-cocycle of F in //(/cj, whose class depends only on the class 
of 5^' in I. This gives a map a: Z’->i7^(k, H), which is readily seen to be 
injective. 

If z is an arbitrary 1 -cocycle of F in //(/cj, there is, since 
H^{k,GL{V)) = 0, an element geGL{V){k^) with z, = g“L( 5 g), We have 
^) = g ^(seT), whence g eeV{k). 

Put^' = geand 

j =g^j^g . 

It follows that / is a birational map of V, which is defined over k and that 
y' = (F',/, e') is a k-form of ^ whose isomorphism class is mapped by a 
onto the cohomology class of z. This proves the bijectivity of a. 

The aim of this section is to describe the k-forms of strongly simple 
J-structures. We first deal with the easy case of simple J-structures of 
degree 2. 

15.4 Proposition. Let 6 ^ be a simple ^-structure of degree 2 which is 
defined over k. There is a quadratic form Q on V, defined over k such that 
Q{e) = l and such that is k-isomorphic to the ^structure /{V, Q, e). 

The latter ^-structure was defined in §2. The proof of 15.4 is contained 
in 5.1, except for the assertions about k. These follow at once from what 
we established in 5.1. 

15.5 Simple algebras with involution. We next recall some facts about 
simple algebras with involution. A simple algebra with involution is 
an algebra with involution {A, p) in the sense of 2.7 such that A has no 
nontrivial p-stable twosided ideals. It is known that one then has the 
following possibilities for [A,p\ up to iC-isomorphism: 

(a) p(X, Y) = {% W), ^ j 

(h) A=M 2 r, pX = S-^X -S ^whereS=( | (1^ = identity matrix), 

(c) A=M,,pX = ^X. 0/ 

This is proved in [33] (the restriction on the characteristic made 
there is unnecessary), see also [15, Ch. 0] for a more general case. 

If (A,p) is a simple algebra with involution then the J-structure 
/{A,p) discussed in 2.8 is defined, and is isomorphic to 
respectively, in the three cases just mentioned. 
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We shall say that a simple algebra with involution is strongly simple 
if either p + 2 or if p = 2 and we have one of the above cases (a), (b). 

The automorphism group of {A, p) is in the three cases as follows: 

(a) the group of linear transformations (X, Y)\-^{TX • -X-^T), 

with Te(GJLr, 

(b) the group of linear transformations Xh-^TXT~^, with T in the 
symplectic group Sp2 r={Te | T5 • T = S} , 

(c) the group of linear transformations X\-^TXT~^ with T in the 
orthogonal group ©^={TG([jILjr* T=l}. 

The next theorem now gives the fe-forms of strongly simply J-struc- 
tures of degree > 2, which are not exceptional, i.e. not isomorphic to ^3 . 

15.6 Theorem. Let ^ be a non-exceptional strongly simple J -structure of 
degree >2, which is defined over k. Then there exists a strongly simple 
algebra with involution {A, p), defined over k, such that is k-isomorphic 
to /{A, p). 

Sf is isomorphic to either or <5^ (the latter only if p + 2). Let 

(A\ p') be a strongly simple algebra with involution over k, of one of the 
3 types of 15.5, such that p'). The results discussed in §14 and 

in 15.5 show that the automorphism group of 5^ can be identified with 
that of {A\p'). 15.6 then follows, by an argument of the same kind as 
that used to prove 15.4. The details are left to the reader. 

15.7. Let {A, p) be a simple associative algebra with involution, defined 
over k. We say that this is a simple algebra over k with an involution p of 
the second kind if (A, p) is in case (a) of 15.5 and if the algebra A(k) of /c-ra- 
tional points is a simple algebra, whose center is a separable quadratic 
extension I of k. p then induces an involution of A{k\ which extends the 
nontrivial automorphism of l/k. We then have the following consequence 
of 15.6. 

15.8 Corollary. A k-form of is either k-isomorphic to a ^-structure 
where A is a simple associative algebra over k or to a J -structure J^{A, p), 
where {A, p) is a simple algebra over k, with an involution p of the second 
kind. 

This follows from 15.6, using familiar facts about the k-classification of 
simple algebras with involution of case (a), see [33]. 

We finally discuss the exceptional J-structures. We shall prove the 
following result, due to Tits, about their /c-forms. We use the notations 
of 5.13 and 5.16. 

15.9 Theorem. Let ^ = (VJ,e)bea k-form of the exceptional J -structure ^3 . 
Then ^ is k-isomorphic to an exceptional J-structure of the first kind or 
of the second kind, which is defined over k. 
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Let H be the automorphism group of <^3 . We know from 14.24 that H 
is a connected semisimple group of type F4 . Assume first that /c is a finite 
field. Since H is connected, we have H^{k,H) = 0, by a well-known 
theorem of Lang, see [27, p. III-14]. 15.3 then shows that is /c-iso- 
morphic to ^3, which establishes 15.9 in this case. Hence we can assume 
from now on that k is an infinite field. 

We use the notations introduced in 5.2. In particular, N is the norm 
of ^ and n the quadratic map V-^ V which is the numerator of j. We then 
have the following formulas 

( 1 ) nxxny-\-n{xxy) = N{x,y)y-\-N{y,x)x, 

(2) nxx{xx y) = N{x)y + N{x, y) x 

(3) xx{nxx y) = N{x) y + cr(x, y) n x , 

where a is the standard symmetric bilinear form of introduced in 1.11. 
These are formulas (10), (11) and (12) of §5. 

Another formula we need is 

(4) xxnx = —(T{e, x)nx — a{e,nx) x-\- {a(e, x) a(e, n x) — N(x)) e . 

(4) follows by using 8.3, which shows that we have 

x^ = N{e, x) x^ — A(x, e) x-\-N{x) e, 

and using §5, (7) (with y = e and y = x). 

Let x,yeV. There is a smallest substructure ^ ^ of containing e, 
X and y. From (1), (2) and (3) one sees that ^ is spanned by the elements e, 

x,y,n(x), n(y), xxny, nxxy, xxy, nxxny. Hence dim .9^ 3,^9. More- 
over, we have dim .9^ 3, = 9 for suitable x, y . 

In fact, 6^ is isomorphic to S ’^ , which contains ^3 as a substructure 
and it is easily seen that can be generated by 2 elements. Also, for a 
suitable choice of x and y we have that 3, is a J-structure of degree 3, 
with a nondegenerate irreducible norm (viz. the J-structure ^3). 

It follows that there exists a nonempty open subset U of VxV such 
that for {x,y)eU the substructure c9^ 3, is a J-structure of degree 3 and 
dimension 9, with a nondegenerate irreducible norm. By 13.8 it then 
follows that c9^ y is simple, and it can then only be isomorphic to ^3 
(use 13.6). Since k is infinite we may choose x and y to be in V{k). Then 
y is a /c-form of ^3. These are described in 15.8. 

First assume that «9^ y is isomorphic to /{A), where ^ is a simple 
associative algebra, defined over k. We then identify ^ y with A, so A is 
now a /c-subspace of V and ja = a~^ if a is an invertible element of A. 
The restriction of AT to ^ must be the norm of /{A). From 2.4 we then 
see that the restriction of cr to A x ^ is nondegenerate. 
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Let Whe the orthogonal complement of A with respect to cr, i.e. 
W={xeV\a(x,A) = 0}. 

If ae A, define a linear transformation </>(«) of W into Lby 
(j){a)x=—axx {xeW). 

From §5, (5) it follows that this defines a linear transformation of W 
into itself. Moreover §5, (7) implies that (f){e) = id. From (3) it follows 
that if aeA is invertible, (j){a) is an invertible linear transformation 
of W and that then 



We conclude from 2.6 that there is a direct sum decomposition 
with 

V^ = {xeW\(t){ab) x = (l){a) (j>{b) X if a,beA}, 

V 2 = {xeW\(j)(b a) x = (j){a) (f){b) X if a,beA}, 

moreover and Vi are defined over k. 

Next we prove that cr(T^, t^) = 0 (i = 1, 2). Let a,beA,x,ye Using §5, 
(5) we find that 

a{{ab) X X, y)= —a{a x(bx x), y)= — cr(x, bx{ax y)) 

= cr(x, {b a)xy) = a({b a) x x, y) . 

Hence (r{{ab — ba)xx,y) = 0 and it follows that 

<T(<^(a)x,y) = 0 

for all with trace 0. For an invertible a with this property we have 
that the mapxi-^</>(u)x is bijective. This implies that g{V^,V^) = 0, 
and similarly o' ( F2 , F2) = 0. 

Since a is nondegenerate it follows from a(Vi,A) = 0 ,(j(Vi, Fi) = 0 that 
for nonzero yeV2 the linear function xh^cr(x, y) on Vi is nonzero. 
Hence dimF2^dimFi, and also dimK2^dimfi, so that dimFi = 
dimF2 = 9. 

The simple associative algebra A acts in by (a, x) i->0 {a) x and 
it is well-known that this action is completely reducible (over K). Hence 
can be decomposed into the direct sum of 3 ^4-stable subspaces of 
dimension 3, in each of which the action is isomorphic to that of M3 in 
It then follows that there exists VieV^ such that the map ai-> </)(u) of A 

into Vi is injective. 

Let x,yeVi, aeA. Then cr(xx3;, a) = cr(x, axy) = 0. Hence V^x 
If p + 2 we have nx=^xxxeW, whence nViCiW. We shall prove this 
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also for p = 2, more precisely we shall show that (in all cases) nViCzVj, 
nV2c:V^. 

From (4) we obtain, if xeVi, aeA 

a X n X + X X (x X a) = —a(e, a)nx — a(e,nx)a 

( 5 ) / 

+ ((r(e, a) (r{e, nx) — a {nx, a)) e, 
whence using §5, (5) and o'(Fi, Ki) = 0, 



( 6 ) 



(7{axb,nx)= —(r{e, a) (j{b, nx) — a {e,n x) a {a, b) 

+ (7 {e, a) a{e, b) a{e, n x) — (7 {e, b) a {a, n x), 



if xgFi, a,beA. 

Now from 8.2 (i) we obtain that 



and 



n a — — a{e, a) a + a{n a, e) e (aeA), 



(7) axb = ab-\-ba — (7{e,a)b — (7{e,b)a+{(7{e,a) a{e, b) — cr(a, b)) e 
(using exa= —aAa{e,a)e). Putting this into (6) we see that 

(8) (7{nx,ab-\-ba) = 0 {xeVi, a,beA). 

Let c be the component of nx in ^4. It then follows readily from (8) 
that c must be a multiple of e. Hence there is a quadratic form Q on 
such that nx — Q{x)eeW. 

From (3) we obtain, if a, be A, xgF^ that 

a X (b X n x)-\- X X [b X {a X x)) = (7(a, n x) b + a(a, b) n X . 

Now 



xx[bx{ax x)) = —XX {{b a) xx), 
using (5) we then obtain 



a X {b X n x) = —b a X n x + (7{n X, a) b — (7{e, n x) b a 
+ ((7(e, b a) (7(e, nx) — (7(nx,ba))e. 

This implies that nx — Q(x)eeV 2 . Moreover, if Q(x)=t=0 for some 
XG Fi, it would follow that 



ax{bx e) = —bax e-\-(7{e, a)b — a{e, e)b a + 2a{e, b a)e. 



Using that we must have p = 2 it then follows from (8) that ab = ba for 
all a, be A, 3, contradiction. Hence Q = 0 and n F^ c F 2 . Similarly n F 2 cz F^ . 
Since (t(Fi x F 2 , Fi) = (j(F 2 , Fi x V^) = 0, we have x F 2 CZA 

Now let Vi G Fi be such that is injective map of A onto F^. 

Such exist, and since k is infinite we may and shall assume that e Viik). 
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If aeA is then such that a{a,VixV 2 ) = 0, we have (7(axvi,V2) = 0, 
whence <l){a)vi= —axvi=0. Hence a = 0.lt follows that xV 2 = A. 
Now we have for all xe F that 

N{n x) = N{x)^, 

as was established in the beginning of the proof of 5.5. This implies, by a 
straightforward computation which we omit, that 

N{x xy) — — N{x) N{y) + a{nx, y) (j{x, n y ) . 

Take as before in and let xg F 2 . Then, since n cz F 2 , n F 2 c: 
l^) = 0 , we find 

N{v^xx)=-N{v^)N{x). 

Since xV 2 = A, we may take x such that N{vi x x) + 0. It follows that 
N{vi)=^ 0. Put a = N(vi) and let i ;2 = a“ ^ n 1 ;^. Then V 2 e F 2 (k) and N(v 2 ) + 0. 
Moreover, by (4), 

ViXV 2 = oc~^ v^x n{vi) = —e. 

Since by (3) we have 

x{nviX a) = N{vi)a, 
it follows that F 2 = (I>(A) V 2 . We have 

N((/>(a) Vi) = (xN{a% N(0(a) V 2 ) = o^~^ N{a). 

It follows that we have, if Xq, x^, X2G^, 

iV(xo + (/>(xi) +</>(x 2 ) t; 2 ) = A/'(xo) + aA/'(xi) + a"^ 

+ (7(</>(Xi)i;i X(/>(X 2 ) V2,Xo). 

The last term equals, using §5, (5) and the definitions of F^ and F 2 , 

Cr((Xi X Ui) X (X 2 X V 2 ), Xo) = (t(Xi XV^^XqX (X 2 X V 2 )) 

= -(t{x^XV2, (X2 Xq) X V2) = (t{Vi, (Xj X2 Xq) X V2) 

= (7 (l^i X t ;2 , Xi X2 Xq) = - (T (c, Xi X2 Xq) = - T (Xq X^ X2) , 



where t is the trace in A. 

Consequently, 

(9) N{xo + 0(xi) i;i + 0 (X 2 ) V 2 ) = AT(xo) + ccN(x^) + a“ ^ N{x 2 ) - t(xq x^ X 2 ), 

which shows that N is as in §5, (14). Since j is completely determined by 
N and e (see 12.3 (iv)), it follows that ^ is k-isomorphic to the exceptional 
J-structure of the first kind ^s{A, a) defined in 5.13. 

We have now dealt with the case that the substructure ^ 3 , of the begin- 
ning of the proof of 15.8 is k-isomorphic to some J^{A\ A a simple asso- 
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ciative algebra over k. There remains the case that ^ is /c-isomorphic 
to a J-structure /{B, p\ where .8 is a simple algebra over k with an in- 
volution p of the second kind. 

Then there is a separable quadratic extension / of k, contained in K, 
and a simple associative algebra A defined over / and K-isomorphic 
to M 3 , together with an involution i of A which is defined over /, such that 
B = A^A and that p(%,a 2 ) = (ifl 2 , / is the center of B(k) and p 

extends the nontrivial automorphism xi->x' of l/k. We have that y is 
/-isomorphic to hence over / we are in the situation just discussed. 

Consider V{1). We may then identify V{1) with A{1)^, the norm N 
being given by (9), where a is a suitable element of /*. The automorphism 
x\-^x' of l/k defines a similar semilinear automorphism of K(/), to be 
denoted in the same way. Remark that (xq , 0, 0)' = (p Xq , 0, 0) {xQeA{l)). 

We claim that with and V 2 as before, we have =¥ 2 {1), ¥ 2 ( 1 )' = 
¥i(l). Let for example xe ¥i{l), a, bsA{l). Then 

ax{bxx') = (p {a) x (p (b) x x))' = — {p{b a) x x)' = —{b a) x x\ 

whence l^(/y=f 2 (/). 

Put (0, 1,0)' = (0,0, w). Since N{x)' = N{x'\ we find that N{u) = aoc'. 
Also, we have (0, 0, 1)' = (0, v, 0) and using (0, 0, 1) x (0, 1, 0) = — (1, 0, 0) 
one finds that v = u~^. Since (0, 1, 0) = (0, 0, m') = (0, m' 0), we have 
u' = u. 

It then follows that, if XieA{l), we have 

(Xo , Xi , X 2 )' = (p Xo , P (X 2 ) u - S u p (Xi )) . 

Since 

K(/c)= {xe F(/)|x' = x} 

we have that ¥{k) can be identified with Bo(fc)©B(/), where Bq = 
{xeB\px = x}. Moreover, the norm on ¥{k) is then given by 

N{xq + x) = N{xq) -f- a AT(x) + a' iV(x') — t{xqXu x') . 

This shows that on ¥{k) the norm is given by a formula of the form of 
§5, (21). Since k is infinite, this determines N on ¥ We conclude, using 
12.3 (iv), that ^ is isomorphic to the J-structure of the second kind 
^3 (J5, p, M, a) of 5.16. This finishes the proof of 15.9. 

Notes 

For the classification of special ( = non-exceptional) Jordan algebras over a field of charac- 
teristic not 2, due to Jacobson, see [14, Ch. V, Theorem 11, p. 210]. For the characteristic 2 
case see [14, p. 3.59]. 

Tits’ proof of 15.9, which is unpublished, is more group theoretical than the one given 
here, which is an adaptation of a proof of McCrimmon, given in [24]. 
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